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1.0. Introduction

A lot of research effort and interest has followed the Banach Fixed Point Theorem since 1922, opening a
research area in functional analysis called fixed point theory. This basic theorem has been extended,
generalised and enriched in many directions. It has been applied to solve problems in nonlinear analysis,
differential equations, dynamical systems, optimization etc. [1, 2, 4, 5] bear records of some research efforts
in fixed point theory.

The theorem asserts that a space is a fixed-point space relative to a family maps defined on it. Specifically, it
asserts that any complete metric space is a fixed-point space relative to the family of contraction self-maps on
it.

In 1968, Nadler showed that for a locally compact complete metric space A’, a sequence x,, (respectively x)
of fixed points of F, : A" - A’ (respectivelyof F: A" - A’) converges to x.

In this work, we study the family of contractive self-maps on a complete metric space and furthermore show
that a sequence of this maps need not converge for the sequence of fixed points x,, to converge to x. We prove
that with some conditions imposed on the sequence of contraction constants for the maps, x,, converges to x.

2.0. Preliminaries

We begin with some basic definitions, concepts and results in metric space and metric fixed point theory needed
in the sequel.
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Definition 2.1[3]
Let X be any nonemtpty set. Then the function d: X X X — R is said to be a metricon X if forall x,y,z €
X the following conditions are satisfied:

lla:d(x,y) =0

1.1b:d(x,y) =0iff x =y

1.1c: d(x,y) =d(y,x)

1.1d: d(x,y) < d(x,2) +d(z,y)

Thus the pair (X, d) is called a metric space.

Definition 2.2[6]
The sequence x,, in (X, d) is convergent with limit x, if as n—oo, d(x,, x) - 0.

Definition 2.3[6]
The sequence x,, in (X, d) is said to be a Cauchy sequence if for any m > p we have that d(xp,xm) - 0as

n—0oo

Definition 2.4[3]
A metric space (X, d) is said to be complete if every Cauchy sequence x,, € X converges.
Our space of interest shall be a complete metric space.

Definition 2.5[2]:
Let (X, d) be a metric space. Amap T: X — X is said to be a contraction if for each x,y € X , there exists a
constant k € [0,1) such that

A(Tx, Ty) S KA, V) cevvv e et s et et e et et e v e e (1)

Definition 2.6[5]:

Let (X, d) be a metric space (in general any space) and T any map on X or a subset of X into X. Then a point
x € X iscalled afixed pointof T if Tx = x

Definition 2.7[2]:

Let X beany setand T: X — X be aself map on X. The foragiven x € X T™x is said to be the nth iterate of
x under T and the set {T"x:n = 0,1,2,.,., } is the orbit of x under T where T"x is defined inductively as
T%x = x and T"*1x = T(T"x). It is popularly called the Picard iteration.

Definition 2.8[5]:

Let (X, d) be a metric space (in general any space) and T any map on X or a subset of X into X. Then the space
X iscalled a

2.8.1: fixed point space if every map T: X — X has a fixed point.
2.8.2: fixed point space relative to a family of maps M if each f € M has a fixed point.

Thus, (X, d) (in general any space) may not be a fixed point space. But with some well-defined property on
the map, X (in general any space) we can have fixed point.
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An example of 2.8.2 is the assertion of the most popular theorem in fixed point theory: Banach Fixed Point
Theorem

Theorem 2.9 (Banach) [3]

Consider a metric space (X, d), where X = 0. Suppose that X is complete and let T: X — X be a contraction
on X. Then T has precisely one fixed point.

Proof:[3]
In this work, we refer to k as the contraction constant.

Corollary 2.10 (Iteration, error bounds) [3]

Under the conditions of the theorem above, an iterative sequence with arbitrary x, € X converges to the
unique fixed point x of T.

The prior error estimate is given as

km
d(xm ,x) S lTk d(xo, xl) ..................................................... (2)
and the posterior estimate is given as

k
d(xpy ,x) < T A1, Xim) e coen s (3)
3. 0. Main Work
We introduce and give some properties and examples of single-valued functions defined on partially ordered
set. these functions will be useful in the study of the behaviour of contraction constants and their influence on
a sequence of contractive functions we shall define later.
Definition 3.1: Let o:E — [0,1) be a single-valued map on a partially ordered set E (E, <) into [0,1). We
call o
3.1.1:anin function if o(e;) < a(ejy1) > e < €44 Ve EE
3.1.2: adefunctionif a(e;) > o(ejy1) > e = €41 Ve EE
3.1.3: aconstant functionif 6(e) = ¢ Ve€E
3.1.4: anin-de functionife; > e;,; = d(e;) < g(ej;1) Ve EE

3.1.5: ande-in functionif ¢; < e;,; > a(e;) = o(e;4,) Ve EE

Example 3.2:
Let o:R* — [0,1) be a single-valued map defined by o(k) = % ,Vk € Rando(0) = 0

Then o satisfy 3.1.4 and 3.1.5

Example 3.3:
k
Let o:R* - [0,1) be amap defined by o(k) = f

2k

. Clearly, (k) €[0,1) forall k=>0.

Then o satisfy 3.1.1
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Example. 3.4:

Let o:R* — [0,1) be amap defined by o(k) = i

142k 7

Clearly, a(k) €[0,1)V k = 0. Then o satisfy 3.1.5

Definition 3.5:
Leto:E — [0,1) and f;: X — X, acontraction operator with contractive constant o (e;) for each i.

Define a family F of contraction operators:
F:={f;: Vi € N}
Example 3.6

Consider the maps o: R — [0,1) and f: X - R,X < R such that o(;) =% and fi(x) =0().x+b, b,

any positive constant in R. Clearly f; € F aseacha(r;) € [0,1).
Note that o(r;) = a(r;41) asr; < 1y, forall ie N .

Example 3.7
Consider the maps ¢: R = [0,1) and T: R — (1, o) such that o(7;) =% and fi(x) = x°0Y —x—b,b,
any constant in R. Clearly f; € F aseacha(r;) € [0,1),forall i e N.

Example 3.8
2ki

Consider the maps o¢:R — [0,1) and T:R — (1,) such that a(k;) = T k;=0 and fi(x)=

o(k;).x + b, b, any constant in R. Clearly f; € F aseacha(k;) € [0,1),forall i e N .

Next, we introduce a family of contraction constant on a metric space.

Definition 3.8:

Let (X,d) metric space. A family F of contraction operators T;: X — X with contractive constant a(e;)
foreach i € N issaid to be a ¢ — function contraction if foreach x,y € X, there exists a functiono: E —
[0,1) with (0) = Osuchthatforanye;, € E

A(Tix, T;y) < 0(€;).d(X, 1) cev vevvee et et e et et e et ee e e (4)

The following are the results of his study.

Proposition 3.9:
Let (X, d) be a complete metric space. Suppose T;:X — X isa o — function contraction on X for each i.
Then for each e; € E T; has a unique fixed point.

Proof:
Putting a(e; ) = c intheorem 2.9 above as each a(e;) € [0,1), there exist a unique fixed point of T; , say x; ,
such that T;(x;) = x;. So for each e; € E there exist a unique fixed point x; and the proof is complete.

Proposition 3.10:

Let (X, d) be a complete metric space. Suppose the family F={T;: T; a ¢ — function contractionon X). Then
for any sequence of points {e; }i-, of E, T has a sequence of unique fixed points {x;}i-, .
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Proof:
By proposition 3.9, there exist a unique fixed point of T; , say x; for each a(e;) € [0,1), such that T;(x;) =
x; .So for any sequence of points {e; }i=, of E e; € E there exist a unique sequence of unique fixed points

{xltk}?zl .

Proposition 3.11:
Suppose (X, d) satisfies proposition 3.1, then the rate of convergence is given as d(x,,, x;) < o(e;) ™ d(xy,
x;) wheree; EE,m=12,.,.,.

Proof:

Let T;(x0)= x1, T;*(x1)=Ti(T;(x0)), Ti()=T; (T:2(x))= Ti (Ti(Ti(x0))) + -+ - v - T (tmer ) = T,
(T Y (p—2))=. . .. =T; (T; ... (T;(x,))) be the picard iteration and

Xm+1 = Ti(xm) = Tixoy (5)

be the sequence of successive approximations. Then for any i with fixed point x; of T;, then d(x,,, x{) =
d(Tixm—l' x:) < G(ei) d(xm—ll xl*) = O-(ei) d(Tixm—Zr x:) < O-(ei) z d(xm—Zﬁ X:) v

=0(e;) ™1 d(Tixo, x;) < o(e;) ™ d(xo, x7), since each o(e;) € [0,1). The proof is complete.
Proposition 3.12:

Suppose (X, d) satisfy definition 3.1 and with the property above then the priori error estimate is given as

* ( i)m
d(xm , %) < 7 o A0 X1 (6)

and the posterior estimate is given as

* ale;)
d(xmrxl) S 1— O'(ei)

wheree; € E,m=1,2,..

Proof:
Recall thatd(T;x, T;y) < a(e;).d(x,y). NOW x4 = T;(xp) = TiXpn.Then X = Tixq . %1 = Tix,

which implies that d(x3,x;) = d(T;x1,Tixg) < o(e;).d(xq,x,). Inductively, we have d(x;41,%Xm) <
o(e; )™ d(xy,x,), Where e; €EE,m=12,.. Let q € N,qg >0,then we have d(xp1qxm) <

- _ . ; j
ST (x40, %) < YT g(e)) d(x,xe) < % d(x1, %). ASq > 0 ,Xpyq >
. \ym
x; foreache; €EE. So d(x; ,xp) = lim d(xm+q,xm) < % d(x1,x9). Therefore d(xy,, x;) <

a(e; )™

oo d(x1,x) and the proof of equation 6 is complete.

Next, we prove equation 7 by induction. i.e d(xmeq,%Xm) < o(e;)d(xm,xm_1) inductively gives

d(xm+j,xm+j_1) < o(e;)d(xp,Xm_1). This gives d(xm+q ,xm) < (a(e;)) +o(e)*+-+
o(e;)N)d (X, Xm_1). But 1fff(ii) = (o(e;) +a(e)?+ -+ a(e;)? So d(Xm1q, Xm ) <
o(e;)

oo d (X, Xxm—1 ), Which is equation 7 and the proof of proposition 3.12 is complete.
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Proposition 3.13:
If for proposition 3.11, o satisfies definition 3.1.3, then proposition 3.11 becomes proposition 3.13
i.efor a(e;) = ¢ = Vi thend(T;x, T;y) < a(e;).d(x,y) becomes d(T;x, T;y) < c.d(x,y).

Proof: Trivial
So, the famous Banach fixed point theorem satisfies proposition 3.1, hence proposition 3.1 is more general.
Proposition 3.14:

Let (X,d) be a complete metric space. Suppose T;:X — X be a ¢ — function contraction on X and
o satisfies proposition 3.4, then for an initial x, € X, the priori estimates decreases as o decreases resulting to
faster rate of convergence.

Proof:

Now for an initial x, € X and e; € [0,1), there exist fixed points x; for T; by proposition 3.4. Also the prori
estimate

d(xp,x}) < 1"(?(8 = (g, X1 )

By definition1.8, lete, e, . eie,,, . € Esuchthata(e,),a(e;),.,.,a(e;),0(ei41),. Vi with fixed
Then equation 3.5 gives fixed points xj,x3,.,.,X;,X;+1, » YV ihaving priori estimates d(x,,,x;) <

10(31(«)3 5 dCxo,xp) - for o(ey), d(xm,x3) < 10_(22(22) d(xg,x,)  for o(ez), dCm,xi) <
1a(zl(el d(xe,x;) for o(e;) and
d(xm ) i+1) < M d(xo, xl) for O-(ei+1 ), Vi........ (9)

1-o(ej41))

cr(el) > a(eiﬂ)m.
o(e;) — 1-o(ej1)

Since o satisfies definition 3.1.2 i.e 6(e; ) = a(e;;1), then m-

Let0 < k < 1 such that

o(e;) = a(ej;1)+ k,soa(ej41)+ k €[0,1),then
ale) )™  (a(e)) +K)™
1-o(e;) 1-(o(e;) +k))

So error estimates increase as o increases. Now since the error estimate shows that for an initial x,, the
approximation error of the m®" iterate is determined by the contraction coefficient o. Now putting equation

o(e; )™ (o(ei41) + O™
ot o) =TT Ao x).

10 into equation 9 gives (x,, ,x;) <

(o(ejy1) + )™ _ (a(e;))"
1-(o(ejy1) + k) 1-(o(e)))

d(x,, x1), which shows that as the contraction function ¢ decreases, the number of iterates decreases

Letn € Nsuch that m—n >0 so that
(o))"
1-(a(e;))
i.e T converges to its fixed point faster.
Alternatively, we can prove T converges faster as o decreases. Recall the rate of convergence is given as
d(xXm, x;) < o(e;) ™ d(xy, x;), where e; € E,m=1,2, ., . Now for a decreasing sequence a(e;) =
o(eiy1) then d(xm, x4 1) < o(ej41) ™ d(xo, x41) < 0o(e;) ™ d(xg, x;). SO d(xm, Xi11) < d(xm, X;) and
the proof is complete.

Then d(xy ,x;) <

Next, we prove the uniqueness of each fixed point of a family of contractive operators in a complete metric
space. We also show that given certain conditions the sequence of fixed points converge.
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Proposition 3.15:

Let (X, d) be a complete metric space. Suppose T;::X — X isa o — function contraction on X. Then for
each e; € E, T; has one fixed point x; . Furthermore, let xj, x5, ., ., x; be a sequence of fixed points of T
for each o(e;) € [0,1) having the same initial guess x, € X, then x7, x5, ., ., x; converges to a fixed point
in the sequence say x*as og(e;) >0 and x;/=>x"if o is as defined in 3.1.1 above.

Proof:

We need to show that d(x™, x;) = 0 as a(e; ) — 0. For if m is fixed so that x,, = x™*, say. In proposition
1.11 above, d (X, x) = d(xpm, x{11) asa(e;) = o(ejy1) - Thisimpliesthat d(x™, x;) = d(x™, x{,;) as
o(e;) > 0ied(x™,x/)>0asag(e;) > 0.S0 lim Oxl?‘ = x™* and the proof is complete.

a(ej)—

Definition 2.21:

Let (X, d) be acomplete metric space. Suppose T;: X — X is ao — function contraction on X and F={T;: T;
a contraction map} such that the sequence xj, x5, ., ., x; of fixed points of T; for each a(e; ) € [0,1) having
the same initial guess x, € X, converges to a fixed point in the sequence say x**. We call x** the Limit fixed
point (LFP) of F for a ¢ — function.

Definition 3.4:
Let (X, d) be a complete metric space. Suppose T;:X — X is a ¢ — function contraction on X with x**
Limit fixed point of T for a ¢ — function. Then we call the a(e) € [0,1) such that T( x™) = x** the ™" —
constant of F.

4.0. Some Applications

Fixed point methods have proved to be efficient tools in solving linear and non-linear equations. Such equations
are restated as fixed point problems and using an appropriate iteration scheme, so that for any initial point say
X, In the space, the sequence of successive approximations converges to a point say x*in the space with the
property T(x*) = x*. Such fixed point is the solution to the restated equation.

Here we consider some of such problems: sequences of equations restated as fixed point problems with maps
that are contractive. We show that the sequence of maps is ¢ — function contraction on X . The results of
computation of fixed points and limit fixed point using he Picard iteration scheme is also provided .

Example 4.1:
Let x — g —b = Owhereo:E € R\ {0,1} — (1,) suchthato(e) = é ,E € R, bany constantand d the

usual metric on R, then x = f + b.

We show that the self map T: X — X such that T(x) = §+ bisa o — function contraction on X . Clearly,
T(x) € F.Now, letx,y € X, then d(Tx, Ty) = |o(e).x + b — (c(e).y + b)| = g +b —f— b

< F-2 = élx —y|= i.d(x, y) =c(e).d(x,y).Sod(Tx,Ty) < o(e). d(x,y). Thus T isa o — function

e e
contraction on X .

Example 4.2:
Consider the equation x°™ — x — 1 = 0 with f:E - (1,0) X,E € R.
337



Ewaen Kelly Osawaru & Owin Oghenewaire Olowu/ Journal of Science and Technology Research

6(2) 2024 pp. 331-340

1
Sox/@® —x—-1=0 =x/©® =x+1 = x = (x + 1 )7®. We have that the self map T: X — X such that
1

T(x) = (x+ 1)@ isac — function contraction with o(e) = % <1. Clearly, T(x)e F

Withb =1 and o(e) = ? in example 152.Now d(Tx, Ty) = [(x + 1 )ﬂe) -(y+1 )ﬂe)

f( )|x+ 1-(y+1)]| = m|X—}’|_ -.d(x,y)=0(e).d(x,y). So d(Tx,Ty) =o(e). d(x,y). S0 T is a

o — function contraction on X .

Example 4.3:
k
Consider the equation of the form x — ﬁx —3=0,where 0:K - (1,0) X€R,K € R.Then x =

k
We show that the self map T: X — X such that T(x) = 2—x + 3isa o — function contraction onX .

Clearly, T(x) € Fwith b = 3 and a(k) = —|n example 1.5.3. Now d(Tx,Ty) = —x +3 -

1+2k

k
(v +3)| = |1+2k ~ 2y = 2k - yl=o(k) d(x,y). Then d(Tx,Ty) = o(k) d(x,y)

foreachk > 0.So T isa o — function contraction on X .

5.0. Computations

Using the Picard iteration scheme, we compute the fixed points and the Limit Fixed Point for each sequence
of self-maps above. Our computation shows that for an initial point

1. the fixed points converge as the contraction constants converge

2. the number of iterations converge as the contraction constants converge

5.1: Here we show the behaviour of the equation of Example 4.1. above with b = 3.

x=243, x%=0, x;* =3.0151
a(e)| Txy Fixed | m
point
X = f+3 1 16.0000 3.0000 4.5000 5.2500 5.6250 5.8125 5.9063 |5.9999 |17
2 2 [5.9531 59766 5.9883 5.9941 5.9971 5.9985 5.9993
5.9996 5.9998 5.9999
X = f+3 1 9.0000 3.0000 3.5000 3.5833 3.5972 3.5995 3.5999 | 3.6000 |8
6 6 | 3.6000 3.6000
X = f+3 1 ]8.0000 3.0000 3.3750 3.4219 3.4277 3.4285 3.4286 3.4286 |7
8 8
X = £+3 1 |7.0000 3.0000 3.3000 3.3300 3.3330 3.3333 3.3333 |6
10 10
X = £+3 1 |6.0000 3.0000 3.2000 3.2133 3.2142 3.2143 3.2143 |6
15 15
x—i+3 1 |4.0000 3.0000 3.0300 3.0303 3.0303 |4
100 100
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X = —— 13 1 |4.0000 3.0000 3.0150 3.0151 3.0151
200 200
5.2: Here we show the behaviour of the equation of Example 4.2. above.
xf© —x—-1=0, x=x+1)®, x,=0, x*=1.0035
o(e)| Tx,, Fixed m
point
x2—-x—-1=0 1 |12.0000 1.0000 1.4142 1.5538 1.5981 | 1.6180 10
1 2 |1.6118 1.6161 1.6174 1.6179 1.6180
x=(x+1)2
x3-x—-1=0 9.0000 1.0000 1.2599 1.3123 1.3224 | 1.3247 8
1 1.3243 1.3246 1.3247
x=(x+1)3
xt—x—-1=0 1 |7.0000 1.0000 1.1892 1.2164 | 1.2207 6
L -
x = (x+ 1) 4 | 12201 1.2207
x>—x—-1=0 1 |7.0000 1.0000 1.1487 1.1653 1.1671|1.1673 6
L —
x = (x+1)5 5 |1.1673
xB—x—-1=0 1 |6.0000 1.0000 1.0905 1.0966 1.0970 | 1.0970 5
L —
x=(x+1)8 8
x0—x—-1=0 1 |6.0000 1.0000 1.0718 1.0756 | 1.0758 5
3 —
x = (x + 1)T0 10 | 1.0758
5.0000 1.0000 1.0473 1.0489 | 1.0490 5
x5 —x—1=0 | 15 |1.0490

1
x=(x+1)15
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i 5.0000 1.0000 1.0281 1.0287 1.0287 4
x*®*—x—-1=0 | 25
1
x=(x+1)25
l 4,0000 1.0000 1.0140 1.0141 1.0141 4
x°—x—-1=0 | 50
1
x = (x +1)50
1 |4.0000 1.0000 1.0070 1.0070 3

x1%0 —x—1=0 | 100
1
x = (x + 1)T00

i 3.0000 1.0000 1.0035 1.0035 3
x20 —x—-1=0 {200

1
x = (x + 1)200

6.0. Conclusion

Using the idea of Banach, we proved that the fixed points for a family of functions of the type

F:= {{G(e) * T(x))}eEE}xEX
where g:E — [0,1) and T: X — X converges. We call such fixed point the limit fixed points (LFP).

With examples and computations, we showed the convergence.

7.0. Suggestion For Further Studies

Our research can be explored in the future by:

1. Investigating the effect of varied contraction constants of a sequence of self-maps on locally compact
complete metric space on the sequence of fixed points.

2. Proposing an iterative scheme that approximates the Limit fixed point (LFP).
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