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The second derivative backward differentiation formulas (SDBDF) are 

well known for the integration of stiff initial value problems. In this 

paper, a class of second derivative linear multistep method (SDLMM) is 

proposed based on the modification of SDBDF. The proposed class of 

methods which allows a root of the second characteristics polynomial to 

be within the unit disc but not at the origin. The class of methods is  -

stable for order 4 and     -stable up to order     . Numerical 

examples are presented to show the application of the proposed methods 

in the integration of IVPs in ODEs. The results however showed that 

methods proposed are good integrators in the treatment of stiff problems. 
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1. Introduction 

Numerical methods for the integration of stiff initial value problems (IVPs) (1) are required to be 

  Stable. The Dahlquist’s second order barrier however constrains   Stable methods; in that 

the maximum order of an   Stable method cannot exceed 2 [1-4].  

 

        0 0( ) ( , ( )), y(x ) .y x f x y x y                (1)  

Circumventing the Dahlquist second order barrier constraint has led researchers to develop new 

methods via direct infusion of higher derivatives of the exact solutions into methods being 

developed (such methods are known as higher derivative methods [4]). Other research pathways 

of circumventing the barrier include the addition of new stage or future points. For examples of 

methods that circumvent the Dahlquist order barrier, see [1, 2, 4-10]. This paper focuses on 

second derivative linear multistep methods whose stability regions can be fine-tuned using roots 

of its stability polynomials. 

The k -step second derivative linear multistep method (SDLMM) is of the form 
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  , ,j j  and ,j are parameters to be determined. The SDLMM (2) 

can be expressed in compact form as 
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The polynomials: ( ); ( );E E  and ( )E in (4) are called the first, second and third characteristics 

polynomials. The SDLMM (2) is characterized by the polynomials ( ), ( ),E E  and ( )E . The 

linear difference operator [y(x);h]L  associated with (2) is given by  

  
0

[y(x );h] [ ( ) ( )
k

n j n j n

j

L y x jh h y x jh 


    2 ( )]j nh y x jh   .           (5) 

It is assumed here that y(x) is differentiable as often as we need. Taylor expanding (5) about nx

yields 
2
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q nC h y x                (6) 
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The SDLMM (2) and its associated linear difference operator [y(x);h]L  is of order p  if 

0 1 0,pC C C    and 1 0.pC   1 0pC   is called the error constant. Two prominent sub-

classes of SDLMM (2) are second derivative multistep method (SDMM) and second derivative 

backward differentiation formulas (SDBDF) [4,6]. The first, second and third characteristics 

polynomials of SDMM and SDBDF are  

                             1
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k k j k

j k
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E E E E E E E    



   
                

 (8) 

and          
0

( ) ; ( ) ; ( )
k

j k k

j k k

j

E E E E E E     


                    (9) 

respectively. The roots of first, second and third characteristics polynomials that characterized the 

SDLMM (2) play critical role in the stability behavior of methods they define.  

 

Definition 1 

The k  step SDLMM (2) is said to be zero-stable if the roots , 1,2, ,jt j k of the first 

characteristics polynomial ( )t are such that 1, 1,2, ,jt j k  and 1jt  being simple. 

 

SDMM with first characteristics polynomial in (8) has all its spurious roots at the origin and a root 

on the boundary of the unit disk. Sub-class of methods with first characteristics polynomial as in 

(8) are known as Adam’s type methods [7], and they are known to be zero stable apriori. SDBDF 

is zero stable for 10k  and unstable otherwise. 
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Applying SDLMM (2) to the scalar test equation ( )y x y   gives the stability polynomial 

    
2( , ) ( ) ( ) ( );t z t z t z t z h                         (10) 

Definition 2 

The k  step SDLMM (2) is said to absolutely stable for a given ,z  if all the roots of the stability 

polynomial (10) are such that 1, 1,2, , .jt j k   

Definition 3 

The k  step SDLMM (2) is said to have a region of absolute stability R ,A  where R ,A  is the 

region of the complex z  plane, for that ,z for which the method is absolutely stable. 

Definition 4 

The k  step SDLMM (2) is said to be A  stable if its region of absolute stability R ,A contains 

the entire left of the complex z  plane. 

 

The k  step SDMM with characteristics polynomial (8) is of order (k 2), and stable for 7k 

and unstable otherwise. For SDMM, the choice of third characteristics polynomial ( )t is made so 

as to ensure stability at infinity. All the k  roots of ( )t in (8) are at the origin, Chakravarti and 

Kamel [11] opined that all the roots are not all required to be at origin, but satisfy the condition 

1, 1,2, , ,jt j k  as this ultimately will not distort the method from being absolutely stable in 

the left of the complex plane. 

 

The following modifications to the third characteristics polynomial ( )t  in (8) were proposed in 

[11], these are: 
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         (11) 

The numerical test on the influence of the roots , ,a b  and c on the region of absolute stability show 

that for (i) 1a  and 0, 1,2, , 1jt j k   , then the modified method is stiffly stable for 

3 8,k   (ii) 1, 1a b  and 0, 1,2, , 2jt j k   , then it is stiffly stable for 3 10,k  and 

(iii) 1, 1, 1a b c   and 0, 1,2, , 3jt j k   , then it is stiffly stable for 3 12.k   By 

allowing one of the roots of the third characteristics polynomial ( )t in (8) to be within the unit 

circle but not at the origin, stiffly stable method of order 9 is derived. This is an obvious 

improvement over the SDMM. The SDBDF is A  stable for 3k  and stiffly stable for 10k  as 

shown in Table 1.  

 

Table 1: Stability angles of the SDBDF 
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Extending the idea of Chakravarti and Kamel in [11] to the SDBDF as to developing higher order 

SDLMM is the focus of this paper. This paper is organized as follows:  section 2 is on the 
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modification of SDBDF, analysis of the stability properties of the modified method is done in 

section 3. Numerical experiments are presented in section 4 and conclusion is in section 5. 

2. Modification of SDBDF 

The SDBDF with characteristic polynomials in (9), is modified as 

     ∑   
 

 

   

       {

       
                                               | |   

        
                                     | |    | |   

         
                           | |    | |    | |   

            
          

                                       

The coefficients of jt of method with characteristics polynomials (12) are determined using the 

undetermined and Taylors’ series expansion methods. For the case where a root of the second 

characteristics polynomial ( )t  is not at the origin, that is  

     ∑   
 

 

   

          
             | |              

                                         

the order condition for SDLMM (13) can be obtained from (7) as  
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For     SDLMM (13), we solve            in equation (14). Similarly, for    , we 

solve               The parameters obtained by solving the linear system (14), are 

dependent on the non-zero root   of the second characteristics polynomial ( )t in (13). In Table 2, 

are parameters of the SDLMM (13) for    . 

3. Stability Analysis 

In this section the stability properties of the SDLMM defined by the characteristics polynomial 

(13) is investigated with regards to zero-stability and region of absolute stability
A

R . Applying the 

SDLMM (13) to the test equation ( )y x y  , yields the stability polynomial  

  
1 2

0

( , ) ( ) ;
k

j k k k

j k k

j

t z t z t at z t z h   



         (15) 

 

The parameters , 0,1, , 1j j k   are functions of the non-zero root a  of the second 

characteristics polynomial ( )t  in (13), therefore the roots of the stability polynomial (15) and 

first characteristic polynomial (16) are dependent on a . 
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Table 2: Coefficients and Error constants for SDLMM(13) for             
K                  

Order                   
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A numerical scan for parameters that yield stable SDLMM with characteristics polynomials (13) 

for value of a  within the range ( 1,1)a   is carried out using MATHEMATICA 10. In Table 3, 

the stability characteristics of zero-stable SDLMM (13) with the widest stability region 
A

R is 

presented. 

Table 3: Stability characteristics of SDLMM (13) 

                       

                                                 

                        

                                                                                            

         
 

  
      

 

    
 

 

   
 

   

     
 

    

      
 

    

      
 

     

       
 

    

       
 

    

       
 

    

      
 

 

4. Numerical Experiment 

The SDLMM (13) is used to integrate stiff linear and nonlinear problems in this section, results 

obtained are compared with those generated using the SDBDF (9). To resolve the implicitness in 

the implementation of the methods, the Newton-Raphson iterative scheme is used [2, 4, 7]. 

Implementation is done using a fixed step size,  . 

Problem 1  

Consider the nonlinear system 

  
                

                 

  
                                       

 

  [   ]  whose exact solutions are:                      [12].  

The absolute errors obtained upon solving problem 1 with       (13) and       using fixed 

stepsize        are displayed in Table 4. 

Table 4: Absolute errors of    and   solution components for problem 1   

     |           | |           | 

                                               

                                                        

                                                

                                              

                                                   

                                              

                                                   

                                              

                                                   

                                                

From Table 4, it can be observed that the SDLMM (13) tracks the exact solution to at least 4 

digits. The SDLMM (13) possesses smaller absolute errors compared to that of the SDBDF. 
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Problem 2  

The stiff linear systems  

  
                               

  
                             

 

  [   ]  whose exact solutions are:                                             [12]. 

Using fixed stepsize of           the absolute errors are shown in Table 5. 

Table 5: Absolute errors of    and   solution components for problem 2 

 

     |           | |           | 

                                                 

                                                  

                                                 

                                                

                                                 

                                                            

                                                    

                                                               

                                                                   

                                                 

                                                   

                                             

The SDLMM (13) possesses smaller absolute errors compared to that of the SDBDF. 

Problem 3  

The stiff linear systems  

  
                                               

  
                                        

  
                                        

  
                                

 

whose exact solutions are:                                                  

                  [12]. Using           the problem is solved at a point       and the 

absolute errors are presented in Table 6. 

Table 6: Absolute errors of    and    solution components for problem 3 
 

     |           | |           | 

                                                  

                                              

The absolute errors when SDLMM (13) is used is smaller compared to that of the SDBDF. 

 

 



 
A.P. Ijezie and K.O. Muka / Journal of Science and Technology Research 1(2) 2019 pp.128-135 

135 

 

5. Conclusion 

 

A new class of second derivative linear multistep method is developed by considering a non-zero 

root in the second characteristics polynomial - ( )t  of the SDBDF (9). Comparing the stability 

characteristics of the SDLMM (13) and the SDBDF (9) in Tables 1 and 3, the SDLMM (13) was 

observed to possess a wider region of absolute stability
A

R . From the numerical experiments 

performed, the strength of the SDLMM (13) in tracking the exact solutions is visible. The 

SDLMM possesses the same order with the SDBDF and compares favourably when used to 

integrate stiff systems. 
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