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1. Introduction

Hepatitis B virus infection is fifty to one hundred times more transmissible than HIV [1]. The
management of HIV-HBV co-infection is difficult by the use of drugs with action against both
viruses, the risk of flares and hepatic decompensation with immune reconstitution, and the
increasing incidence of antiviral resistance. Due to shared modes of transmission, co-infection is
general and an estimated 4 million people worldwide are co-infected with HBV-HIV. Some drugs
used to treat HIV are poisonous to the liver, which may amount to more damage from the hepatitis
B infection [7]. Individuals co-infected with both hepatitis B and HIV are 14 to 17 times more
likely to die than those with hepatitis B alone [6].

Hepatitis B is a dynamic disease and it is imperative to understand its virology and natural history
in other to reduce complications and limit the progression of disease. The use of drugs with
activity against both viruses (HIV-HBV co-infection), the risk of flares and hepatic
decompensation with immune reconstitution, and the increasing prevalence of antiviral resistance
complicate the management of HIV - HBV co - infection. Forty million people around the world
are infected with HIV. To make things worse, certain medicines used to treat HIV are toxic to the
liver that may already be damaged by the infection with hepatitis B. In this study, a realistic
mathematical model for HBV - HIV co - infection is formulated and analyzed, incorporating the
key epidemiological and biological characteristics of each of the two diseases. This study's main
contribution is to conduct an optimal test of the resulting model.
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2. Mathematical Model Formulation

The model is constructed based on the HBV/HIV transmission framework and the model proposed
in [6]. The population is divided into thirteen classes based on epidemiological status; a co-
infections models of susceptible individuals of both diseases (S (t)). Infected individuals in the
asymptomatic stage of HIV infection (H: (t)). HIV-infected individuals that exhibit clinical
symptoms of AIDS (H: (t)). Dually-infected individuals with HBV acute infection, in the
asymptomatic acute stage of HIV infection (Hy (t)). Dually-infected individuals with HBV acute
infection, displaying symptoms (symptomatic) of AIDS (Hz (t)). Dually-infected individuals with
HBV chronic infection, in the asymptomatic stage of HIV infection (Hic (t)). Dually-infected
individuals with HBV chronic infection, displaying symptoms of AIDS (Hzc (t)). HBV recovered
individuals with protective immunity in the asymptomatic stage of HIV infection (Hir (t)). HBV
recovered individuals with protective immunity displaying symptoms of AIDS (H2r (t)). HBV
vaccinated individuals (V (t)). Individuals with HBV acute infection (Ig (t)). HBV chronic carriers
(Cs (t)) and HBV recovered with protective immunity (Rg (t)).
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Figure 1: Schematic representation of interactions of Co-infection, HBV-HIV transmission
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Table 1: The parameters used

(5)
(6)

(7)

(8)

9)

(10)

(11)

(12)

(13)

Parameter Interpretation Value Reference
H Birth rate in the population 0.0121 [5]
s Natural mortality rate 0.00693 [5]
U HBYV related mortality rate 0.007 [4]

1
(0] Proportion of births without successful vaccination 0 - 100 percent [2]
o Vaccination rate of acute HBV infectious class Is Hypothetical
ﬂB Effective contact rate for HBV 0.4 [5]
ﬂH Effective contact rate for HIV 0.03 [5]
T The recruitment rate of susceptible individuals in the population 500 [5]
T Rate of waning of vaccine 0.1 [5]
B
T The rate of relapse of vaccine induced immunity Hypothetical
and Probabilities of acquiring HBV infection of individuals in HiandH> 0.3,05 [5]
(2] ?,
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W, W Probabilities of acquiring HIV infection 0.4,05,0.1 [5]
12 of individuals in Is , Cs and Re
and y,
V.V The proportion of perinatal infected born by carrier mothers in the Cg, | 0.11,0.12, 0.13 [5]
T Hicand Hzc classes
and v,
Vi ¢ Rate of moving from Ig, Hu and Ha classes to Cg, Hic and Hzc 4,2,3 [5]
172 classes
and ¢,
q, q The average probability of moving from Is, Hu and Hai classes fail to | 0.885, 0.9, 0.95 [5]
TR clear an acute state and develops a carrier state Cs, Hic and Hac
and g, | classes
y O, Rate of moving from Cg, Hic and Hzc 0.025, 0.05, 0.06 [5]
2 Classes for Rg, Hir and Hzr classes
and 6,
d HBV induced death rate in Cs class 0.002 [5]
B
d d HIV induced death rate of individuals in 0.01, 0.03, 0.05, [5]
H PR Hz, Hui, Hai, Hic, Hac and Hzr classes 0.02, 0.06
dZH ’d3H
and d,,
) The vaccination rate 0.75 [5]
My s 11 modification parameters of the relative infectiousness of individual in 1.1,1.2,0.16, 1.3, [5]
L e th the Cg, Hu, Hai, Hic, Hac 14
Theand 7,
£ e € modification parameters of the relative infectiousness of individual in 1.2,1.25,1.1,15, [5]
T e the Hu, Ha, Hz, Hic, Hac, Hir and, Hzr 1.55,1.3,1.35
€51 E91163:
3
a.a.a Rate of moving from Hi, Hu, Hic and Hir 0.0303, 0.04, 0.16, [5]
PN classes to Ha, Hai , Hac and Har classes 0.05, 0.06
and o,

The total population N (t) can be obtained from
N(t)=S(t)+V (t)+H, (t)+H,(t)+Hy (t)+H, (t)+Hy (t)+H, (t)+Hy (t)+H, e (1)

+15 (1) +Cy (1) + Ry (1)

(14)

Here, it is important to note that in the absence of the disease N (t) — Z Moreover, under the
Ho

dynamics

described by the above systems of equations, the region

x=(S(t),V(t), Hy(t), Hy (t), Hy (1), Hyy (t), He (1), Hye (1), Hyg (1), Hap (t), 15 (1),Cq (1), N) e R2|
U+
Hy

Q=
$>0,V >0,H,>0,H,>0,H, >0,H, >0,H,. >0 H,. >0,H,, >0, H,,>0,1,>0,C, >0, N <

1C =

(15)
Is positively invariant. Hence the system is both mathematically and epidemiologically well-
posed. Therefore, for initial starting point x e R, the trajectory lies in Q. Thus we restrict our

analysis to the region Q. (Where the models make biological sense)
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Lemma 1 All the solution of the Equations 2.1 -2.13 are positive for all time t > 0 provided the
initial condition are positive.
Proof: Let

(S(0),V(0), H,(0),H,(0), H, (0),H,, (0), Hic (0), Hye (0), Hiz (0), H,e (0), 15(0),C4 (0), N) e R¥

‘3—‘:’ =7+ po(1-vCy —viH,c —v,H, )+ 2V —(1-6)(4, + 45)S — (44, +5) S (16)
> —(1-0)(Ay + 25 )S — (1 +5)S (17)
This implies,

S'(t)>-(1-8) (A4, +45)S— (4 +5)S (18)

integrating we have
similarly it can be shown that
§>0,V=>0,H,20,H,>0,H,, 20,H,, 20,H,. 20, H,. >20,H; >0,H,. >0,1,>0,C, >0,

for all time t > 0. Hence all solutions of the HBV model remain positive for all non-negative initial
conditions.

3. Optimal Control Modeling
ds
e m+uo(1-v(1-uy)Cy —vy (1=t ) Hye —v, (1=, ) Hyo )+ 2V = (1=8) (A, + 25) S — (14, + 5) S(19)

dd—\::y(l—co)+5S+GIB—(/1H + 7026 W — (1 + )V 20)
aH, =(V+(1-6)S) 4, —p, (1-a)(1-uy) AgH, = (4, + @) H, | 1)
%zaHl—q)z/lBHz—(yo+dH)H2 : 22)
dzl—t“:gol(l—a)(l—us)/IBHl+1,y1(1—71)/1HIB—(,u0+¢1(1—al))Hl, : 23)
d';tz" =, gH, + o H,, — (1 + 0y +6,)H,, 24)
dl;%aua)vl(l—ul)Hllc +0 (1-y ) H,, +v,0,4,Cy —(,uo +d,, +a, +t91(1—a2)) H,. , 25)
dl(_::—tzcz,ua)vz (1=U, ) H e + QuyHy, + ayHye — (1t + 0oy +6,) Hye 26)
d% — (1) (1=, ) Hy, +6, (1=, ) Hy o + 0 Ry (st -+ Hyg 27
‘t'—t“=¢2(1—q2)H2, +O,H,e + My — (1t + Ay ) Hom 28)
OL:_tB:(ﬂBv +(1-8)S) A v (1=7) Ay by — (1 + o +7,) I, )
dCtB = uov(1-uy)Cy + a7l —v, (1-7,) 4,Cs — (1, +dg +7,) Cy 30)
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dR,

at :(1_q)71|B+72CB_V/3ﬂ‘HRB_:UORB (31)

Here, the control parameters employed in the above model; Uo, U1, U2 and Us are the effective rate
of professional effort that the medical expatriate put in place in prevention or eradicate of mother
to child transmission in the HBV carrier class, dually infected (HBV-HIV) asymptomatic carrier
class, dually infected (HBV-HIV) symptomatic carrier class respectively while Us is the treatment
rate of Hy, 1 dually infected (HBV/HIV) asymptomatic acute class.

Where

2y=py+0, = +7, 2, =ty +a, 3= gy +dyy, 2, = 14 +¢1(1_051)’ Zg =ty + Ay, + 6,

Z =04 (1-a), 2, =y, (1~7,), Zy =ty + Uy, + 0, +6, (1, ), Zg = iy + Uy, +6,,

VAT :¢1(1_a1)(1_q1)’ L, = 01(1_052)’ 2, =ty + 3, i3 = (1_q2)’ 2y, = Mo+ gy,

Zi5 :'//(1_71)1 Lig=UytO+), 1=V, (1_72)1 Zig =My +dg +7,.

The objective function;

3 (Up Uy, ) = [ AH (8)+ AH,c (£)+ AC (t) + AH, (t)+%u§ (t)+%uf (t)

B B
+?3u22 (t)+7“u§ (t) dt

(32)

Using similar control variables and objective function (as in above) we find that the Hamiltonian
takes the form;

2 BZ 2 BS 2 BA 2 &
H=AH (t)+AH, (t)+AC, (t)+AH, (t)+%u0 (t)+7u1 (t)+?u2 (t)+?u3 )+ Af, (33)

i=1

H = A (6)+ AHac (£)+ AC (1) + Ay (6)+ 207 (1) + 22U (1) 222 (6)+ 220 (1)

+4, I:aHl —@,A5H, _(/Jo +dy ) H2]+2~5 [¢1(1_a)(1_u3)A’BHl Ty, (1_71)}% I _(,Uo +4 (1_0‘1)) Hy, ]

HOVy (1_ ul) H, . +0.4 (1_ al) H,, + l//zpz;tHCB]

'M“e[(”ziBHz"‘%Hm — (g + 0y +¢2)H2|]+ﬂ7!_(lu +d,, +a,+6,(1-a ))H
o T Uy 2 TO 2 1c

+28|:/,10)V2 (1—U2)H2C +0,4,H,, +a,H, _(luO+d2H +92)H2c:|+ﬂg[(ﬂ.8v +(15)S)}VBV/(171)}«H|B}
_(/”o"'a"‘?/l)la

+40 I:ﬂa’v(l_uo)cs +anls -y, (1_7/2)2’HCB _(,Uo +dg +72)CB:| t34)

The adjoint equations;

X =[(1=8) (A + 2 )+ Zy [ =02y =(1-8) Ay o = (1-8) Ay -

/12, :_Tﬂi"'l:(/lH +”BﬁB)+Zl:|ﬂ'2_ﬂ’Hﬂ3_”Bﬂ’Bﬂl1 (36)
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A =l o (1-a)(1-U,) (4 — A ) Ag | A+ 2,0, — o, — gy (1- ) A s
A =0, + 23] A — 0,52

Ay =—A +Z, 2 — g +Z A + 7oA

s =255 = Uotlg = Zishhg

2y ==A+ pov,(1-u) (4 = 4, )+ ZgA, — oyl — Z,, A

Jg = =P, + 1oV, (1=U, ) (A = A )+ ZoAs = Oy

o = =0k~ v, (1=11) Ao +(Zis + 2y ) Ay =011 Ao

Ao ==A+ pov 1=y ) (A = A, )+ Z, 4 2 + Ziy Ay Ay — Zig A,

With transversality conditions A, (tf)zo (i=1,..,10, t, isthe end time). Using the
Hamiltonian, we obtain the optimality conditions;

(;il _ﬂ12):ua)VCB

U, = 8
u :(ﬂi_%):ua)lelC

1 B,

u :(ﬂl_ﬂs)ﬂa)vszc

2 B,

u :(/13_;{5)(/71(1_05)/13H1

B,

4. Results and Discussion

To obtain further insight into the influence of the control parameters on the behavior of the
systems under consideration, thus, we consider the following Figures plotted with the aid of Maple

software [7].

504

40

Acute HBV (without control)
~—— Carrier HBV (without control)

——— Asymptomatic HIV, HI(f) (without control)
- - Symptomatic HIV, H2(t) (without control)

Figure 2 Figure 3
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In the co-infection model above, the control parameters employed are; Ug, U1, U2 and Us are the
effective rate of professional effort that the medical expatriate put in place in prevention or
eradicate of mother to child transmission in the HBV carrier class, dually infected (HBV-HIV)
asymptomatic carrier class, dually infected (HBV-HIV) symptomatic carrier class respectively.
While Uz is the treatment rate of HIV asymptomatic acute class (Hi) without considering any
optimal control measure except the therapeutic vaccination. We considered the state of
asymptomatic HIV (Hi) and symptomatic HIV (H2) (without control) in Figure 2. Similarly, in
Figure 3, relationship between acute infection, HBV (lIg) and Carrier HBV (Cg) were considered.
Figures 4, harbored Figures 2 and 3. Increasing the controls (Figures 5) from 0, 30, 60 and 90
percents, reduces the dual infection in Hic, Hi and Hac respectively.

Thus, Hic show major significant difference in response to the control adopted, while H2i made no
difference and die-out. Figures 6 shows the response (decrease) of Hic and Hoc with the increase
in control measure. Also, Hic registered a major significant difference when compared with Hac.
Meanwhile, Figure 7 displays the relationship between the Susceptible and Vaccinated class,
which decreases and moves at a constant rate. In addition, the sensitivities of the recovery classes
are obtained in Figure 8, where Hir recorded a more pronounced significant difference, also in
Hor, however, little or none is noticed with Re. A similar pattern of some of the results was
obtained in [6], however, when comparing with other results in literature we are able to record a
significant changes in the behavioral dynamics of the model owing to the sensitive control
measure put in place.

5. Conclusion

This scheme has shown that the disease can be resisted with vaccination(s) and treatment. As the
results mentioned earlier reveal, with a two-year robust vaccination campaign, the epidemic will
be avoided, but the rate drops only to move at a constant rate. However, we must be cognizant of
the fact that a two-year campaign does not only eliminate future epidemics, but the routine must
be repeated to avoid future occurrence. So the more active our campaign strategies (vaccination(s)
and treatments) are, the sooner the future epidemic will be arrested.
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