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1. Introduction

In the study of the transmission dynamics of diseases with two viruses co-existing is one of the
important problems in mathematical epidemiology. Consequently, the mathematical modeling of
diseases with multiple pathogen strains, such as Dengue fever, HIV/AIDS, influenza, malaria and
West Nile Virus, has been considered as a global concern [1, 5]. These studies have, in general,
focused in the determination of threshold conditions for the co-existence of the strains, as well as
the evaluation of the role co-endemicity (a disease persisting in the population or region, generally
having settled to a relatively constant rate) in the transmission dynamics of disease strains.

The threshold quantity R, called the basic reproduction number, measures the average number of
new cases generated by a typical infected individual introduced into a completely susceptible
population [1-3]. Typically, when R, less than unity, a small influx of infected individual will not
generate large outbreaks, and the disease dies out in time (in this case, the disease free equilibrium
DFE is asymptotically stable). On other hand, the disease will persist if R, exceeds unity, where a
stable endemic equilibrium exists. This phenomenon, where the disease-free equilibrium loses its
stability and a stable endemic equilibrium appears as R, increases through one, is known as not
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comparable bifurcation [4, 5, 6, 7, 8, 9]. Other model for disease transmission undergo another type
of bifurcation, known as backward bifurcation where a stable endemic equilibrium co-exists with

DFE whenR; <1.
The epidemiological implication of backward bifurcation is that the requirementR, <1, while

necessary, is not sufficient for effective disease control. In a backward bifurcation setting, once R,
crosses unity, the diseases can be invaded to a relatively high endemic level [10]. In this case,
decreasing R, to its former level will not necessarily make the disease disappear [6]. The aim of

this study is to know the effect of previous Dengue infection on the dynamics of Chikungunya,
taking into consideration the effect of misdiagnosis of Dengue infection due to its co-endemicity
with the Chikungunya virus in a given human population. The paper contains rigorous analysis on
the threshold for previously published results on models that shows the reproduction number and
some new results.

Table 1: Description of state variables of the model (1)

State Variables Description
SH (t) Population of susceptible individuals
E, (1) Population of humans exposed to dengue
) Population of infectious humans with dengue
5, (t) Population of infectious humans with dengue correctly diagnosed
) Population of wrongly diagnosed dengue cases
R, (t) Population of humans who recovered from dengue
E.(t) Population of humans exposed to chikungunya
I, (t) Population of infectious humans with chikungunya
I, (t) Population of infectious humans with chikungunya correctly diagnosed
lew @) Population of wrongly diagnosed chikungunya cases
R. (t) Population of humans who recovered from chikungunya
Sin(®) Population of susceptible dengue vectors
E,o () Population of exposed dengue vectors
Lo (t) Population of infectious vectors with dengue
Sic () Population of susceptible chikungunya vectors
Eyc(t) Population of exposed chikungunya vectors
e () Population of infectious vectors with chikungunya
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Table 2: Description of parameters of model (1)

Parameter ~ Description
A H (t) Recruitmentrateforhumans.
Hy (t) Natural mortality rate for humans.

Bov
Box
Doy
Mot
M2
M3
Vo

b
ﬂCV
Bex

Ner
U
Nes

Ve

Ve

Probability of transmission of dengue fromhumanstovectors

Probability oftransmission of dengue from vectors to humas

Biting rate of vectors that transmit dengue

Modification parameter for reduced infectiousness of humans exposed to dengue
Modification parameter for reduced infectiousness of humans rightly diagnosed for dengue
Modification parameter for increased infectiousness of humans wrongly diagnosed for dengue
Progressionrateofhumansexposedtodengue

Human disease induced death for dengue

Rate of diagnosesfordengue

Fractionofhumanswrongly diagnosed fordengue

Modificationparameter forreduced mortality of humans rightly diagnosed for dengue
Recoveryrateofhumansfromdengue

Rate of re-diagnoses for dengue

Recruitment rate of vectors that transmit dengue

Natural mortality rate for vector

Progression rate of vectorsexposedtodengue

Probability of transmission of chikungunyafrom humans t\Veins

Probability oftransmission of chikungunyafromvectors o humas

Biting rate of vectors that transmit chikungunya

Modification parameter for reduced infectiousness of humans exposed to chikungunya

Modification parameter for reduced infectiousness of human rightly diagnosed for chikungunya

Modification parameter for increased infectiousness of humans wrongly diagnosed
For chikungunya

Progressionrate of humansexposedto chikungunya

Human disease induced death for chikungunya

Rateofdiagnosesforchikungunya

Fractionofhumanswrongly diagnosed for chikungunya

Modification parameter for reduced mortality of humans rightly diagnosed for chikungunya
Recovery rate of humans from chikungunya

Rate of re-diagnoses for chikungunya

Recruitment rate of vectors that transmit chikungunya

Progression rate of vectors exposed to chikungunya
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2.0 Model Formulation

Consider the following model for the transmission dynamics of Dengue Chikungunya model (see

[11])

ds

dtH =Ay —(Aon + Ay + 44)Sy,
dE

© — AonSh — (o + 4in)Eo,

dt

dl
—dtDl =ypEp —(Op + 14y +65)1 5,
dl
d—[t)zzeo(l_PD)lDl_(aD‘SD+TD+/UH)||32_¢DIWD’
dl

dV\t,D =¢oPolpy — (1 + 65 + &)l
dR

dtD =7plp, =44 Ry,

dE

S =/1CHSH _(7/C +/LIH)EC’

dt

dl

d(t:1:7cEc_(5c+:uH +6Oc )i,
dl
ﬁZQC(l_PC)I(n_(acé‘C+Tc+ﬂH)|02_¢CIWC’
dl

dv;:lc =¢CPCIC1_('L‘H +5c +¢C)IWC’
dR

dtc =7clcr =44 Re,

ds

M2~ Ay — Ao Swo — 44 S

dE

er =AwSwo — (¥mo + £y )Enp

dl
%:7MDEMD_ILJVIMD’
ds
d—’\tAC:AVC_ﬂ'vCSMC_/UVSMC’
dE

d::/lc = Ave Sme _(7/MC +'uV)E'V'C’
dl .

dt =¥mc Emc — £y L me
(@B

where the associated variables and parameters are described in Table (1).
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The model has a disease-free equilibrium (DFE) given by

_ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
go_(SH' ED’ IDl’ ID27I\ND’RD' EC' ICl’IVVC7RC’SMD7EMD' IMD’SMC' EMC’ IMC)

= (AH ,O,O,O,O,O,O,O,O,O,O,Ai,O,O,A&,O,O). 2)
Hy Hy Hy
Furthermore, the associated reproduction number [11] of the model (1) is

R, = po(ST _1) =max[Rq5 , Rec ],

With o being the spectral radius of st-*_is given by

R :\/ﬂDHﬂDVbSVAVD:uH Yp (9394 (7o +92700) + 9470702600 A= Po) + Py v 05 (95705 +10,85)
» A 140,9,050,0,

R _\/ﬂCHﬂcvbévAvcluHNc(9799(7c+ge’7c1)+ga7c77c20c(l_Pc)+Pc7c0c(g7”c3+77cz¢c)
0=
A 1495959795910

, ®)

3.0 Backward Bifurcation Analysis
Theorem 1: The model (1) exhibits backward bifurcation phenomenon at Ry, = 1 whenever a
bifurcation coefficient, denoted by a is positive.

Proof:
The existence of backward bifurcation is explored using the Center manifold Theory [12]

Let
SH =X, ED=X2' ID1=X3’ |02:X47 IWD = Xs, RD=X6 Ec:X7 ICl=X8' Iczzxgilwc = Xi0

Rc =X SMD = X2, EMD = Xz IMD = X SMC = X5, EMC = X6 IMC = Xi7

11
Sothat Ny, = > X,
i=1

The forces of infection can be written as

1 = BovPoy (151X, + X5 +175,X, +1755%5)
v =

Ny
1. = BevBey (Mc1X; +Xg +17c,Xg +77c3%0)
cv N,
X X
Aoy = ﬂDH’:DV 14 and A, = ﬂCH’t\)Icv 17
H H

It follows, that the model (1) can be re-written as
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% = F o= Ay —Ap Xy — Agy Xo— Ly %,

ddxtz =F,=ApuX — (7o + 14)%,,

% =F, =ppX, — (it +85 +65)%,

ddxt4 =F, =05 (1— Pp) % — (@85 + tty +705)X, + o Xs
%5 = F, =0, ppXs —(Sp + 44 + p ) Xs ,

ddxte =F, = 7pXs — X »

ddxt7 —F, = Ay X — (e + 4%,

%8:5, =ycX; — (#y +6c +60c )%

ddxt9 =F=0.(1—pc)Xs — (0505,: THy T )Xg + P X,
%: Fio = 0c PcXs —(Oc + ty + e ) Xy,

%:F11 = TeXg — Uy Xy

d:j(;z =FLo=Ap —ApXy — #y Xy,

d;(;S =Fia=ApX— (Puo + 44 )X,

d()j(? =F = 7vwoXis — 4y Xy

% =Fis = Ay —AcXis = My X5 s

d(’j(;ﬁ = Fis = A Xis— (Pwe + 4y )X,

d;(f = Fig =VmcXis — X7

From R,p = 1 yields

Pow = :B;H =

A 0,9,9:0,00 4

ﬂDVbév7MDﬂH Ao (959, (7o + 9201) + 94707020 (L= Po) + o085 (93705 + PoTn2))
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The Jacobian of the system (4) at the DFE with B,,, = By, , is given by:

JﬂEH =J (50) I,BSH = (‘]1(17x15) J 21 7x5) ‘]3(17><7)) (6)
The matrix e has a simple zero eigenvalue and all other eigenvalues have negative real part
DH

_,uH 0 0 0 0
0 -0, 0 0 0
0 Vo -0, 0 0
0 0 ‘9D (1_ pn) -0y ¢D
0 0 0D Py 0 -0,
0 0 0 Tp 0
0 0 0 0 0
0 0 0 0 0
] 0 0 0 0 0
v 0 0 0 0 0
0 0 0 0 0
S S S S
0~ Boubouin Nl: = Boboy NL: = BovboyTog NLHD = BoboTos NL:
S S S S
0 Bouboynn Nl: Bovboy Nl: Bovbouin, Nl: BovDouins Nl:
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
i 0 0 0 0 0
o 0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
— u, 0 0 0 0
0 —0s 0 0 0
0 Ye -0 0 0
3. = 0 0 01— pc) — 97 Pc
2 Y 0 6c Pc 0 — 0
0 0 0 e 0
0 0 0 0 0
0 0 0 0 0
0 0 S 0 S 0 s 0 s
0 — Bevbey 77¢1 Nin—u = Bevbey N7H = Bevbey 77, W = Bevbey 77cs W
Smc Swmc. Swmc. Swmc.
0 Pevbey1ca N, Pevbey N, PBevbey e N, Pevbey s N,
| o 0 0 0 0 |
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0 0 0 — Bonboy 0 0 — Benbey
o o o] Lonboy o] 0 0
6} 0] ¢} 0] ¢} 0] 0]
(0] 0] (0] 0] (0] 0] 0]
(6} 0] 6} 0] 6} 0] 0]
(0] 0] (0] 0] (0] 0] 0]
6} 0] (6} 0] 6} 0] L bey
(0] 0] (0] 0] (0] 0] 0]
J; = 0] 0 6} o o 0] 0]
(0] 0] (0] 0] (0] 0] 0]
sy O ¢} 0] (0] 0] 0]
O — 4, (0} 0] (0] 0] 0]
6} (0] — Jdy 0] (0] 0] 0]
0 0 7 mp — Ay 0 0 0
6} 0] (0] 0] — Aty o 0]
0] 0] (6} 0] o — G0 0]
| O 0 0 0 0 Y me — Ay

The Jacobian J has a right eigenvector given by W= (W,, W, ,W;,...,W,,)"

Where
W, = _ﬂ;H bDv7/MDW13 _ ﬂéH bcvymcwle W, = IBDH bDVJ/MDW13 W, = ﬂDH bDVyMDW13
h = I} 2 — 1 3 !
Hy Ly Hy Ly 0,44y Q.44
W, = ﬂl;H Doy Ymp 0P Wi (9, (1= Pp) + d5 Pp) W = ﬂl;H Doy Yup? 086 PoWis
4 ' 5 1
0:9,9:9.4 0:9,9,44
W = ﬂ;H oy YoV 0o ToWis ((9, A~ Pp) + B Py) W = B Boy Ve Wi
6 — 1 7 1
0:9,959,44, 14y, Qs 14,
W, = BBy Ve Ve Wig W = BeriBoy Ve Ve OcWig (9 (L= Pe) + . Pc)
’ 9 = 1
Os 4y 059697944
W, = ’BEH Doy 7vic7 b Pe Vs W = By Yuc¥cOctcWiis (95— Pc) + ¢ )
y Wiq )
05969514y 05969, 9514 1y
b2, X, W, .35
Wy, = — Pox o2 i/ o ZMD X (1192959 4175939 477527 565 Po 93 + 17037065 Po (9, (L — Pp) + &5 Pp))
N 09,9,059,44
y Wig = Wyg >0, Wy, = Zuoths ’
7y
b2, X, W, S
W5 = _ﬂcv . i/ ZMC X (119697967 97964 77c27c0c Pe 97 + Mcs¥c0c (95 (L= Pe) + & Pc))
Ny, 95069, 944
Wig = W > 0, W7 = M (7)
)7y

Similarly Jﬁ* has a left eigenvector given by v = (w,, W, ,W,,...,w,,), satisfyingv.w =1, with

Vp=Vg=V,; =V =0, Viz=V;3>0, Vvg=V;>0,
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ﬂDV bDV X12V13

vV, = *— X (75 (05 (1= Pp)5294 + 05 Po (206 + 9a77p3) + 9394) + 9,95947701) »
N 9.9,9:9,
V.
v, = M(e (L— Pp)75294 + 05 Po (75205 + U577ps) + 950,)
N . 92959,
V. — ﬂDVbDVnDZX;Z\/l?» Ve = 'BDV DVXiZ LDVDVTI2 IS (7702¢D + 937703)
! N; g5 , \N H 9
v, = ,BDV bv X12 13 o (7/c (9 1- pc)nczgs + QC Pe (77cz¢c + g777c3) + 9798) + 96979877C1) )
Hgsgeg798
Dy X, V.
v, = M(@ (L= Pc)7c29g + Oc Pe (McoPe + 9777c3) + 9,9s)
N 969705
- Beyb
Vv, = Pev bey ?CZXlSVlG Vo = NI X15 B (1,4 + 977703)
N, 9, N’ H 9
, V14 — ﬂDHh/DVZ ,
Ay
Vl7 — ﬁCH l:X/CV7 (8)

y7y

3.1 Computation of bifurcation coefficients a and b

Applying the Center Manifold Theory as stated in [12], we compute the associated non-zero partial
derivatives of the right hand sides of the transformed system (4), (evaluated at the DFE with S = 8~
) the associated bifurcation coefficients, a and b, are given by

o f, 3 f,
a= >y vkwiij(0,0), b= Z VW —— aﬂ ~(0,0), 9)

ki, j=1 i j ki, j=1

Substituting (7) and (8) in (9), (having computed the associated non-zero partial derivatives for a
and b), after several algebraic calculations, we obtain



Akhaze R.U. and Ako I.1./ NIPES Journal of Science and Technology Research
4(1) 2022 pp. 1-11

__ 2V, BpubpyWia
Ny
2v bryw
- ZﬁC]I;I,*CV 17 (WZ + W3 + W4 + W5 + W6 + W7 + WS + W9 + WlO + Wll)
H
_ 2v13BpvbpyWiz
Ny
_ 2V16BcvbeyWis
Ny
2v bpyx;
+( 13.3DI:2DV 12
Ny
2v16Bcvberxis
N,’;z
(6pyp(Opapdp + OpPptp + OpuyPp + OpPppap + gsga)
+6cyc(Ocacde + OcPcte + OcpyPc + 0cdcac + g79s)) (10)

Wy + w3 +wy +ws +wg +w; +wg +wy + wyg +wyq)

(Mp1wz + w3 + Npawy + Np3ws)

(Nc1wy + Wg + NcaWg + Ne3Wig)

(Mp1W2 + W3 + Npawy + Np3Ws)

(Mc1wy7 + wg + NeaWg + Ne3Wyg)) X

and

b= VlSﬁDVbéV X1*27r\1D (75 (05 (L Py
0:9,959,44 Ny,

Obviously, b>0 for all biologically feasible values. However, it is required that a < 0 and b > 0

for the backward bifurcation phenomenon to occur. The bifurcation coefficient a can only be

negative when the disease-induced deaths for the human population for both Dengue and

Chikungunya, 6, and &, respectively have been eliminated from the model system i.e. after

substituting &, = 0. =0, into the expression for a, a can be now be written as

15294 + 05 Pp (75205 + 9slps) + 9394) + 9,959,77p,) >0

2v bpyw
a =-— Z'BDII\{,*DV 14(W2+W3+W4+W5+W6+W7+W8+W9+W10+W11)
H
2v bryw
- Z'BCII\{,*CV 17 (wy + w3 +wy +ws +wg +w; +wg +wg + wyg + wyq)
H
2v13Bpybpywiy
- N* (Mp1w2 + W3 + Npawy + Np3Ws)
H
2v16BcvbeyWas
- N* (Mc1w7 + wg + NcaWo + Nc3Wi)- (11)
H
Clearly, a < 0.

Hence, backward bifurcation phenomenon does not occur if and only if the disease-induced deaths
for humans for both Dengue and Chikungunya, &, and d, respectively, are absent.

Thus, the analysis in this section has confirmed that the backward bifurcation phenomenon can be
induced by disease- induced deaths for humans for both Dengue and Chikungunya. Furthermore, the
DFE of system (4) can be shown to be globally asymptotically stable (GAS) after the cause of the
backward bifurcation is removed from the model (1)

4.0 Conclusion

The phenomenon of backward bifurcation Is characterized by the co-existence of a stable DFE and
a stable EEP when the associated reproduction number of the model is less than unity.
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In a population where there is co-endemicity of Dengue and Chikungunya, the classical requirement
of having the reproduction number less than unity, while necessary, is no longer sufficient for
effective control, in this case. Effective control policies will now be highly dependent on the initial
sizes of the sub-population of the model.
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