Journal of Science and Technology Research 1(1) 2019 pp. 122-136

Journal of Science and Technology Research

Journal homepage: www.nipesjournals.org.ng

Thermodynamic Properties for the Carbon Monoxide Molecule under the
Influence of the Coulomb-Hulthen-Péschl-Teller Potential

O. Ebomwonyi?*, C.A. Onate®, S.A. Ekong®, M.C. Onyeaju¢
aDepartment of Physics, University of Benin, Benin City, Nigeria.

bDepartment of Physical Sciences, Landmark University, Omu-Aran, Nigeria.
°Department of Physics, Akwa lbom State University, Ikot-Akpaden, Nigeria.
dDepartment of Physics, University of Port Harcourt, P.M.B. 5323 Choba, Port Harcourt, Nigeria
*Corresponding Author Email Address: osarodion.ebomwonyi@uniben.edu

ARTICLE INFORMATION ABSTRACT
Article history: In this study, we obtained the approximate I-states solutions of the
Received 4 March 2019 Schrodinger equation interacting with a newly proposed potential known
Revised 9 March 2019 as the Coulomb-Hulthen-Péschl-Teller (CHPT) by employing the
Accepted 13 March 2019 parametric Nikiforov-Uvarov method. The analytical expressions for the
Available online 25 March 2019 energy eigenvalue as well as the vibrational mean energy, vibrational
. specific heat, vibrational free energy, and vibrational entropy for Xzt
Keywords: Eigenvalue states of carbon monoxide (CO) molecules have been presented in detail.

Mean energy , Specific heat
Free energy
Entropy

1. Introduction

In guantum mechanics, it is possible to describe the behavior of a physical system by a
wavefunction that can be solved exactly for a given potential [1-5]. This is because the
wavefunction provides all the necessary information about the quantum system. Knowing the
exact solution to the Schrddinger equation plays a paramount role in quantum systems, but this
exact solution is only possible for some potentials; thus approximation methods are usually
adopted to arrive at the solution [6]. Some of the methods developed to find the approximate
solution to the Schrddinger equation include; the asymptotic iteration method (AIM) [7-13], the
super symmetric shape invariance method [14-19], the Nikiforov-Uvarov (NU) method [20-28],
the variational method [29]. However, a good knowledge of these potentials helps in different
fields of studies in physics such as atomic physics, condensed matter physics, high energy physics
and particle physics [30-36]. The solutions obtained from the combination of two or more
potentials give significant results having diverse application in quantum mechanics. In one of our
recent publications [37], we obtained the approximate analytical solutions of the radial
Schrodinger equation interacting with the Hellmann-generalized Morse potential, which is a
combination of the Hellmann potential and the generalized Morse potential. Onate and Ojonuba
[38] while combining the Coulomb potential, Yukawa potential and the inversely quadratic
potential obtained the solutions of the radial Schrodinger equation. Their result could be applied to
areas of physics such as plasma physics, solid state physics and atomic physics. The analytical
solution of the Dirac equation with the Hellmann-Frost-Musulin potential, which is a combination
of the Hellmann potential and the Frost-Musulin potential, was obtained by Onate et al. [39]. They
also obtained the solution of the Klein Gordon equation with the combined potential (combination
of the general Manning-Rosen potential, the hyperbolical potential and the Péschl-Teller potential)
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[40]. The Hellmann-Frost-Musulin potential can be applied to areas in condensed matter physics,
atomic and molecular physics, whereas the combined potential finds application in areas like high
energy physics, nuclear physics, atomic and molecular physics. Ita and Ikueba [41] solved the
Schrddinger equation for the interaction of inversely quadratic Hellmann potential and the
inversely quadratic potential for any angular momentum number, I. They obtained the energy
eigenvalues and their corresponding eigenfunctions in terms of the Laguerre polynomials. Ikhdair
and Sever [42] obtained the approximate solution of the Dirac equation with a combination of the
reflectionless-type potential and the Rosen-Morse potential including the spin-orbit centrifugal
term, using the Nikiforov-Uvarov method. In the same vein, Abdalla et al. [43] derived analytical
solutions of the Schrédinger wave equation for some g-deformed potentials in terms of Huen
functions. While Falaye et al. [44] in their paper, solved the one-dimensional Schrddinger
equation with a combination of the Wood-Saxon potential, the Rosen-Morse potential and the
symmetrical double well potential, using the Nikiforov-Uvarov method.

The stability of a system depends on the position of particles within the systems. A system with
vibrating molecules/particles is usually unstable because the properties of the system such as
entropy, internal energy, free energy and mean free energy change with respect to the particles'
vibration. Hence, the study of thermodynamic properties becomes necessary. Dong et al. [45]
studied the hidden symmetries and thermodynamic properties for harmonic oscillator plus an
inverse square potential. Also, Dong and Cruz-Irisson [46] examined the energy spectrum and the
thermodynamic properties for a modified Rosen-Morse potential. Baria and Jani [47] in 2012
studied some thermodynamic properties of liquid Na, K, Rb and Cs at various temperature
measurements. Oyewunmi et al. [48] critically examined the thermodynamic properties and the
approximate solutions of the Schrédinger equation with Shifted Deng-Fan potential model. Onate
and Ojonubah [49] studied the thermodynamic properties of a system under the combination of the
generalized Poschl-Teller and hyperbolical potentials. In 2016, Onate and Onyeaju [50]
investigated Dirac particles in the field of the Frost-Musulin diatomic potential and the
thermodynamic properties.

In this paper, we propose a new potential model referred to as the Coulomb-Hulthen-Pdschl-
Teller (CHPT) potential model which is lacking in literature. The CHPT potential model is a
combination of the Coulomb potential, the Hulthen potential and the Pdschl-Teller potential. The
combination of these potentials produces a potential well, which enables the molecules to be
trapped thus aiding the calculation of the vibrational frequency of the molecules and also the

thermodynamic properties of the vibrating system. Also, it is known that CO(Xlz*) molecule is

photo dissociated by absorption of vacuum ultraviolet photons on discrete lines. For this reason,

the thermodynamic properties of X'X* states of CO will be investigated using the CHPT potential

model. The CHPT potential model is given as:
-nr -2ar 1
V(r)=—é+ Be_ __4cCe N (1)
r l-e” (1_e—Zar)

where A, B, C are potential strengths, a is the screening parameter and
n=2a.
We employ the approximation scheme in Eq. (2) suggested by Aldrich [51] and Wei and Dong

[52] in order to obtain the | — states solution of the radial Schrédinger equation with potential (1)

and to take care of the centrifugal term.
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1 n’° (2)

rZ ~ (1_e—17r)2 !

2. The parametric Nikiforov-Uvarov (NU) method

The Nikiforov-Uvarov (NU) method is based upon reducing the second-order linear differential
equation to a hyper-geometric type equation [53]. By introducing an appropriate transformation

s =s(x), we can then write an equation of the form

vi(9+2) ()42, (5)=0,

a(s) o’ (s)

where o(s)and &(s) are polynomials of degree two at most and 7 (s) is a polynomial of degree

one at most. To use the parametric NU method, Tezcan and Sever [54-56] transformed Eg. (3) into
the following form

(3)

2 4
S )
From the parametric NU method, the bound state energy condition is obtained as [57, 58] (5)
N4, —(2n+1) A5 +(20+1) (A + A )+ (0 =1) &g+ 2y + 220 + 2P g =0,
with the wave function as (6)
vy (8)=N, 5% (1= 45) 4 F>n[ﬂm_1’ﬂ‘f_ll°_1j (1-24s),
Where the parameters in Eq. (5) and Eq. (6) are given as follows (7)

2 =1_f'ﬂs 2@_2% o =K+ G1dy =20 = g = A+,
Dy = a2+ Adg )+ Dy g = Iy 2 = 2T Ay = Ay = 25+ 22 = [T ).
ﬂqz :/14_\/1’113:25_(\/2_%\/2)

3. Radial solution to the Schrédinger equation
The radial Schrodinger equation is of the form [38].

dzdRrgf)J{%{E—v(r)—;Z:ZHR(r):o, @)

where L=I(1+1), u is the particle mass, E is the non-relativistic energy and V (r) is the

interacting potential. If we substitute our proposed potential model in Eg. (1) and the
approximation scheme in Eq. (2) into the Schrédinger equation (8), we obtain
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2 =2ar =2ar
d°  2uE _2u] A_Be™ _ 4Ce L R(r). ()

—2ar

In applying the NU method, a transformation variable of the form s=e is defined and

substituted into Eq. (9) to get

2 (10)
%jt 3(21__85))%+ 2 (11_ sz) {—Kls2 +KZS—K‘3}] R(s)=0,
where (112)
K, =—%,K2 =—#(2E+2Aa+ B—-4C),x, =—#(E+2Aa— Z“Zf"}
From the comparison of Eq. (4) and Eq. (10), we obtain the following parametric constants
A=A =A=0L4=0A =—%,z6 :%m@ =i, Ay = K,
(12)

A :—K2+K3+Kl+%,ﬂlo :1+2\/1<_3,/L_1:2(l+\/g+\/2),

N e e

Substituting the appropriate parametric constants obtained in Eq. (12) into Eq. (5), we obtain the
energy equation of our proposed Coulomb-Hulthen-Pdschl-Teller potential as:

2
2u (. ah B R +1)° aRn(n+l) 1 . 84C (13)
vs 55| CH—(——— - - n+Z (@ +D) -5
_2a’n L Au | a'h 2 4 4u 2u 2 a‘h
nl — - 2 .
h
" “ 1+2n+ /(2|+1)2—8’2‘C2
a‘h

4. The thermodynamic properties of the Coulomb-Hulthen-Pdschi-Teller potential (CHPT)
In this section, we study the thermodynamic properties of CO, a diatomic molecule with the
CHPT potential model; the energy of the system E_ is obtained as

E

2,2 2 (14)
En=2ah A - A, +n+r |
7 2(n+7) 2
N=012,.cc.... < N = [@],
where (15)
232 242
Al__ZAl;’Az: ,Zuz Aa—E+6C—3ah _ah |
a‘h 8u 4u
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We have introduced in Eq. (14) [w] to represent the largest inferior given by

@ =-1+ A, /A, — A, for mathematical simplicity.

The vibrational partition function for the CO molecule is obtained as

z, 1 (16)
Z(B,w)=>e’H pg=—"")
(B,@) Z(; B T
where K is the Boltzmann constant On substituting Eq. (13) into Eq. (16) yields (17)
Z(ﬁ,@') — e H Yz n+7)? H
n=0
In the classical limit, the summation in Eq. (17) can be replaced by an integral (18)
- ﬁah pah” - 2A1)+ﬁah2/\2 ﬂ(Zth ,
Z(p.m)=le o dpy pe(na)
(A V; (19)
rp 2 [N BAEi| N
@’ w
2(p.m)=3 Lom A pl2@8” _ _odz |,
JAB AP
where (20)
222 22242
A, :O‘Z—h[1+ 2(A,-24,)], A, =2 ;’ Ay
H H

From the vibrational partition function of Eq. (19), the thermodynamic properties of molecular CO
can now be determined as follows:

4.1: The vibrational energy U:

U(B) == 1nZ,(§) 24
- op
A A 2 A2 BA3P° AS A BA:P° ﬂizz
:eﬂspAs{z( 32/7 ePhap \/ﬁ_Az(As)‘Fe \/[(3/\2) 2_92 we” J},
where (22)
ﬂ/\z
2we ™ JBA
Ag = T —2J’Erf{ — J 2 .
4.2: Vibrational specific heat capacity C:
1 A (23)
C _—U_—k = _ 2| Ay ——L—A,(A,p°
) P o /3 B {eﬂ“” \/ﬂAAAS)[ [ o~ el )ﬂ
- L (Agh,)+ L 2(Ah, ) e
e (BA,)2 (M) (A |
where (24)
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BAy
A [ 3p j eﬂ/\gp ﬂA (A ) SpZeﬂ/\sp (As)AQ _ A3p2eﬁ/\3p weo
6 y
v 2./ A, B
B By
A 3 eﬂAsp (A5)A§ N eﬁAsp we wz B eﬁASIJ Aze wz
TSk 4p5° po
BAy
Ayp? g AP (MDA, M e
— e 3 A A + 3 5 2 ,
5 VBN, (Ag) e 25

4.3: Vibrational mean free energy F:

™ (25)
Meb 24/ \/_El’fl[ ]
1 20e ™
F(B)=-kTInZ ——I LN -2
(IB) n wb(ﬂ) ﬂ n Ze 4ﬂ \/A4ﬁ \/A4ﬂ \/;
4.4: Vibrational entropy S: ] )
(26)

S(8) =KINZ,u () +KT - InZ,, () =

JA
Ap 2, /A4ﬁ\/;Erfi[ i ]
@ w
kIn| Lest ApB 2o8”__ — 2\ L+KTA,
2 Ap Ap

5. Some Theoretic quantities and the Coulomb-Hulthen-Pdschl-Teller potential (CHPT)

In this section, we calculate the Information energy, Tsallis entropy and Rényi entropy using the
probability density obtained from the normalized radial wave function. To begin, we first calculate
the normalized wave function. Given the radial wave function as:

[R, (] = N2y (1-y)*[ R* (1- 2y)]2 y=e* (27)

which is equal to the probability density p(y), we can easily calculate the theoretic quantities

E, +aA ..

mentioned above. Where a = \/—’U(Z"‘—tha) +/(/+1) and b= \/(1+ 26)2 — 8’3; . Normalizing
an a

the radial wave function, we have
0 ) ) (28)
[[R, N[ dy=1y=e>
1
Substitute the value of R, (y), we have (29)
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N2 1 -t 1+v 2
o [@-s)"(@+s)z [B*(s)| ds=1
(04

-1

where we have used: 2a=u, b=v, x=1-2yand “TX :1—(1_75) Using integral of the form

i oy T ok (AT o 27 T(t+n+ DK+ n+1) (30)
:[(l X)L+ [P (X)] dx= ntrt+k+n+1)

we have the normalization constant as:

2u+V+3+2n (31)
anlul’f ——M —

) 2

nt 2U +v+1 '

2 2 T'(u+ n+1)r(v+32+2nj

N

5.1: Information energy
Information energy is defined as

- (32)
E(p) =4z [ p(r)dr.
0
0 (33)
E(p) =47 [ p(y)dy. y = exp(-2ar).
1
1 (34)
E(p) =47 [ p(@)dz. z=1-2y.
-1
Substitute the value of the probability density, we have
. Ly 35)
t(1-z)"(1+2)2 2 (
— 2 (u)
E(p) = 47;Nm.jl( > j [ > j [P (2)] dz.
Using integral of the form (36)
Loy (14 y Y Ty 2 2r(c+n+)r(d +n+1
() P2 O o= s e o
° nir'(c+d+2n+)r'(c+d+n+1)
and the normalization constant calculated above, the information energy is obtain as
100.544cul’(u + n) (37)
E0) =t 2u+4n+v+3)
2 2 T(u+n +1)F(2j
221.68ul’(u+n 38
E(p) = 1+v+2u (2u +)4n+v+3 ' ( )
2 2 T'(u+n +1)F(2]

5.2: Tsallis entropy
The Tsallis entropy is defined as:
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T(q) L 1—47r_Tp(r)qdrj. q=1l

g-1
Substituting for the probability density, we have
i 1+v q
1 Hlooo (12" (1+2)2 2
T(g)=——|1-4z[| N2|=—==| [==|" |P"(2)[ |dz|,
@== j (2) (Zj [P (2)]
Using integr_al of the form in Eq. (36), the Tsallis entropy is obtain as
q
1 12568 4doul’(U+n
T(q):q—l_ q-1| o ( 2u)+4n+v+3
2 2 r(u+n+1)r(2J
q
1 12568 8.8192ul"(u +n)
T(q):q_l— q-1 | b 2u+4n+v+3
2 g 2]

5.3: Rényi entropy
The Rényi entropy is defined as

R(q) = iIog 47zj’p(r)qdr. q=1
1-q 5

Substituting for the probability density, we have
q

1+v
1 oo (1=2) 7 (1+2)2 [ o T
R(q):q__llogmz_jl N[Tj (T) [Pn (z)} dz,

Substituting for the normalization constant with the integral in Eq. (36), the Rényi entropy is

obtain as
q
5-2u-v
1.0993 2 2 oqul'(u+n
R(@)= 1-¢ 2u(+4nJ)rv+3
ey 204

1+2u+v

© 1.0993| 17.6384x 2{ 2 jaur(u +n)
B 2U+4n+Vv+ 3)
2

I'(u +n+1)1“(

6. Discussion of Results
Special cases:
When A =0, the energy Equation (13) becomes
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232 2 232
. i;IZEC‘i‘M 21+ hn(n+1) (m 2417 - sﬂc
E, =210 |22
a 1+2n+ (20 +1)° - th
If B =0, the energy equation becomes (48)
242 2 232 T
22,u2 C+@_a hi (2|+1) _a'h n(n+l) (n_l_lj (2I+1)2—8é12
20°1 Au | a'h 2 ah
E. = L- 7
N 1+2n+, (21 +1) th
If C =0, the energy equation turns to (49)
2
21 aA_E_azh (2|+1) a’h’n(n+1) —(2|+1)(n+1j
£ _ 20°1° L Au a’h*\ 2 4 4u 2. 2
M ah’® 2(n+1+1)

The vibrational partition function for the CHPT molecular potential model has been obtained at
the classical limit. The experimental data for CO(X't") molecule was taken from the

spectroscopic experimental data reported [59]. Accordingly, we have adopted the following values
A=1.128A, B= 0.149936, o = 2.2048A™, 11 =1.146x102g and C=90531cm™ for the

potential parameters used in this present study. In Figure 1, the partition function increases
monotonically with an increase in g at a high temperature range. Also, the molecule starts

dissociating at energy of about 5J. This can be seen in Figure 2 with the internal energy decreasing
monotonically with an increase in . The specific heat capacity of the molecule dissociated at

various values of g except at the value near zero as shown in Figure 3. This shows that at low
temperature range, the spread of CO(Xlz*) is reduced. The vibrational free energy of the system
also shows some sensitivity to the range of temperature with a negative value (Figure 4) while
Figure 5 shows that the entropy of the molecule increases linearly with an increase in £ . In Table

1, we presented the numerical values for the Coulomb-Hulthén Poschl-Teller potential. The
energy eigenvalue decreases as the quantum number increases.

7. Conclusion

We haveinvestigated the thermodynamic properties of the carbon monoxide molecule CO(Xlz*)
using the CHPT potential model. The eigenvalue obtained from the newly proposed potential
model, is then applied to obtain the partition function. The explicit expressions for the

thermodynamic properties, such as: vibrational mean energy U, specific heat C, free energy F, and
entropy S of the system. The effect of the temperature parameter S on the various

thermodynamics quantities for the X'X*states of CO have been investigated in detail. The
theoretic quantities such as information energy, Rényi entropy and Tsallis entropy are calculated.
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Table 1: Energy spectra for Coulomb-Hulthén Poschl-Teller potential for 2p, 3p and 3d for three
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values of a.

state | @ B=A=-C=1| B=2A=-2C=2 | 2B=A=-2C=2

2p 0.05 -1.606059113 -2.270353834 -1.646249575
0.10 -1.598731728 -2.232544041 -1.685811919
0.15 -1.546183422 -2.143605317 -1.688422695
0.20 -1.454652035 -2.011157803 -1.661349015

3p 0.05 -1.676400130 -2.329861950 -1.717237391
0.10 -1.747851812 -2.365182631 -1.836523320
0.15 -1.782073253 -2.362655259 -1.925654008
0.20 -1.783770598 -2.328070513 -1.989020959

3d 0.05 -1.554926971 -2.211234137 -1.595883913
0.10 -1.404290670 -2.008428375 -1.497046307
0.15 -1.136625999 -1.673084350 -1.296295388
0.20 -0.781328125 -1.240312500 -1.025078125
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