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1.0 Introduction

In recent years, there has been a lot of interest in studying fractional integro-differential equations because of their applications

in various areas, including physics, engineering, biology, and economics. In particular, it describes well-suited systems with
intricate temporal dynamics, such as viscoelastic materials, fluid flow, and population dynamics. The fractional-order
derivatives offer a more adaptable framework for simulating memory effects and hereditary characteristics. However, solving
these equations analytically is challenging due to their nonlocal nature and the complexity introduced by fractional derivatives.
These equations are relevant in various scientific areas, such as non-local phenomena in quantum, diffusion processes, and
viscoelastic materials. The fractional derivatives account for time-dependent properties and long-range interactions, making
them useful in modeling fluid dynamics, heat conduction, and wave propagation. In engineering sciences, FVFIDEs are
employed in control theory to design systems with improved stability and robustness, particularly in areas like automatic control
systems, signal processing, and robotics. They also appear in modeling electrical circuits with memory elements such as
capacitors and inductors. In biology and medicine, FVFIDEs are used to model processes like tissue perfusion,
pharmacokinetics, and population dynamics, where fractional calculus effectively represents the memory and hereditary
characteristics of biological systems. In finance FVFIDEs capture long-term dependencies in asset prices and interest rates,
making them useful in risk modeling and option pricing [1]-[5].
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We consider FVFIDEs of the form:
n b(x) b
Z P(x)$i(x) + DT $(x) + A, f K(x, ) () dt + 4, f K(x, )¢ () dt
i=0 a a
= g(x), 1)

(p(i)(ai) = l)bi ;i = 112'3' ey (n - 1)' (2)

Where D%is the fractional derivatives in Caputo sense and « (real or complex) is the order of the fractional derivative, ¥ is a
constant, K (x, t) is the kernel function and g(x) is a continuous arbitrary smooth function.

Solving fractional-order integro-differential equations analytically is often challenging due to their nonlocal nature and the
complexity introduced by the fractional derivatives. Consequently, numerical methods have become essential tools for
obtaining approximate solutions. Several authors have proposed and applied various techniques. For instance, [6] utilized the
Adomian decomposition method for the numerical solutions, while, [7] employed a hybrid collocation method. [8] applied the
Laplace decomposition method. The homotopy analysis method for higher-order equations was introduced by [8]. Author [9]
used analytical methods to solve fractional-order fractional Volterra-Fredholm integro-differential equations and to
approximate their solutions. [10] presented approximate solutions of fractional Volterra—Fredholm integro-differential
equations by using analytical techniques and [11] used the shifted Chebyshev and least squares approach to numerically solve
fractional integro-differential equations. [12] used effective Chebyshev spectral methods for multi-term fractional orders
differential equations and suggested a perturbation least-squares method. At the same time [13] employed the spectral-
collocation method for the numerical solutions of fractional Fredholm integro-differential equations. [14] used Chebyshev
cardinal functions for nonlinear fractional-order Volterra and Fredholm equations, while [15] introduced the Chebyshev
approach for solving fractional-order integro-differential equations. [16] presented a novel integral transform, [17] employed
the Aboodh transformation method, a numerical method for resolving nonlinear fractional-order Volterra integro-differential
equations was presented by [18].

This paper aims to formulate and apply the standard collocation method (SCM) and the perturbed collocation method (PCM).
This turns the original problem into a system of algebraic equations by approximating the unknown solution using basis
functions and requiring it to satisfy the integro-differential equation at specific collocation points. In order to show how well
the approach works in resolving real-world issues represented by fractional-order integro-differential equations, we additionally
provide four numerical examples.

Subject to the conditions

2  Definition of fractional Calculus
The following are some fundamental definitions of fractional calculus that are provided in this section: [19]-[22]
2.1 Definition 1.
3 1

7
Fractional calculus involves differentiation and integration for both real numbers and complex values such as Dz, Dz, D2

2.2 Definition 2.
Let ¢ € L2([0, T]), the definition of the Riemann-Liouville fractional derivative (RLFD) is

DUp(x) = 2 [Fx — )" lp(D)d; n-1l<a<n 3)

r(n-a) dxm

Where n is the smallest value and an integer larger than or equal to a.

2.3 Definition 3.
Let ¢ € H™([0, T]), the Caputo fractional derivative (CFD) of ¢(x) can be defined as

DFG() = s Jy e = " A 1p(©Wdt; B> 0 O

Wheren = [B] + 1.
Hence, we obtain the following properties:
ayB — LBHD . (a+p)
Jox r(a+ﬁ+1)x ’
J*Df(x) =g(x); x>0
D*C =0, C isaconstant
D%xY = 71—‘(}/_*-1) x(y_“)’
ry—a+1)
Where [a] denotes the integer greater than or equal to @ and the smallest value.

)

3. Construction of orthogonal polynomials
The solutions framework employed in this paper revolves around the construction of orthogonal polynomials, which serve as
basis functions for approximating the unknown solution of the FOIDEs. Orthogonal polynomials, known for their desirable
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properties such as minimizing approximation errors and facilitating numerical computations, were specifically selected for their
effectiveness in this context.

3.1 Construction of orthogonal polynomial bases:

The orthogonal polynomials are subjected to standardization for the Legendre polynomial valid in [-1,1] as:

S (6)
In particular, Q,(x) =1,
Thus, Q,(x) is defined in power series form as
n
Qn(x) =Za0+a1x+a2x2+...+anxn o
i=0

The procedure for constructing our orthogonal polynomials is as follows

Q.(x)=1=>ay+a,+a,+-+a,=1 (8)
1
< Qul>= f W) * Qo(x) * Qu(x)dx = 0
-1
1
< Qx> f w() * () * Qu(x)dx = 0
-1
1
] < Qurt>= [ Wi 0+ Queddx =0 ©
-1

1
< Quxt>o f W) * Qs(0) * Qu()dx =0
-1

1
< Quaml >s f W) * Qu() * Qu(x)dx = 0
-1

An algebraic linear system of equations with (n+1) unknown constants is obtained. To obtain the orthogonal polynomial, the
(n+1) algebraic linear system of equations must be solved.

Qo(x) = 1.
The weight function w(x) of Legendre polynomial valid in [-1,1] is 1
Qo(x) = ag

Q:(x) = ap + ayx (10)
0,(x) = ag + a;x + ayx?

For Q, (x) from equation (9),

1
<000,1>= j W) * Qo) * Qy()dx = 0 (1)

Recall, w(x) = 1 and Qy(x) =1

1
< Q0,1 >= f Q:(x)dx = 0
-1

1
) <Q:(x),1>= f_l(a0 +a;x)dx =0 (12)

alle _ _
: ]_1—0=>a0—0

<Q(x),1>=a,=0
Using the standardization for Legendre polynomial valid in [—1,1], to get:
Qg =ay+a,=1=a, =1

<Qi(x),1>= [aox +

That is Q,(x)=x
For Q,(x) from equation (9),
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1
<Q.1>= [ Wi+ Q)+ @ (dx =0 (13)
-1
Recall, w(x) = 1 and Qy(x) =1

1
< Q00,1 >= f 0,()dx = 0
-1

1
< Q,(x),1>= f (ag + a;x + ax¥)dx =0
-1

L (14)
_ Az Ayt
<Q,(x),1>= [a0x+ > + 3 ]_1 =0
2a,
< Ql(x),l >= 2(10 +? =0
2a,
2(10 + T =0 (15)
From (9), we have
1
[ < Qux>= [ W s 0@ G@dr=0
1—1
< Qx> f 1xx*(ay+ a;x + a,x?)dx =0
-1
{ (16)

1
< Qx> f x(ag + a;x + a,x*)dx =0
-1

1
< Qpx>> f (apx + a;x? + a,x®)dx =0
-1

a1 = 0
Using the standardization for Legendre polynomial valid in [—1,1], to get
Q,(V)=ag+a, +a,

=>qay+a,=1 a7
Solving (15) and (17), to get
-1 3

Ag = 7, a, = E

From equation (10), we obtain,
3 -1

Q:(x) = Exz tox

Then, following the same procedure, the following orthogonal polynomials are obtained:
) = 5., 3
Q;(x) = 2x 2x

35 15 3
Qi) = Fxt =¥ 43

4 8 18
()_635 35 4_|_15 (18)
QSx—8x. 4x 8x

In this paper, the types of problems considered are defined on the interval [0,1]. To address this, we need to convert the
orthogonal polynomials from the interval [-1,1] to [0,1]. Therefore, we first carry out the conversion of orthogonal polynomials
from the interval [-1,1] to a general interval [a, b], and then specialize to the interval [0,1].

In this case, the linear transformation x* = a;x + b, (19)
Here, from [-1,1] to [a,b]. Suppose x = —1 and x* = q, x =1and x* = b,
These resulted in the following system of equations

a= _a1 + bl
Solving (20) yield

(b-a)
a1 = T
b1 — (a+b) (21)

2
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Substituting (21) into (19) we have, x* =% 4“2 (22)
And simplifying (22) give x* = Zx(;(_b;)a) (23)

Also, to convert from [-1,1] to [0,1], Here a=0, b=1. Hence (23) becomes

x*=2x-1 24
Substituting x* = 2x — 1 into the constructed orthogonal polynomial (18) yields the o(rtho)gonal polynomials on the intervals
of [0,1].
Qo(x) =1
Q(x)=2x-1
Q,(x) =6x2—6x+1
9 Q5(x) = 20x3 — 30x2 4+ 20x — 1 (25)
Q4(x) = 70x* — 140x3 + 90x2? — 20x + 1

4. Description of proposed methods
In this paper, we propose two types of collocation methods: the SCM and the PCM. These methods are demonstrated on the
FVFIDEs (1) and (2) as follows:

4.1 Standard collocation method (SCM) for FVFIDEs
We consider the FVFIDEs of the form:

n b(x) b
Z P(X)$i(x) + D p(x) + A, f K(x, 0)$(t) dt + A, f K(x, £)$(t) dt
=0 a a

= g(x), (26)
Subject to the conditions

¢P(a) =9;i=123,...,(n— 1), 27)
Equation (26) can be expanded as

Po(x)p(x) + PL(x)@/ (x) + P, (x) @/ (x) + - + Py (x)p™(x) + Dp(x) +
b(x) b
llf K(x,t)p(t) dt + Azf K(x, )¢ () dt = g(x)

Let's assume an approximate solution of the form:
oy (x) = 2o Q: (x) (29)

Where N is the computational length and substitute (29) into (28) to get
{Po )Py () + PL I () + -+ + Py (D)un™ (x) + Dy (x) +

(28)

b(x) b

b KOO de+ A, | K@ OB de = ) G0
(30) can be expanded as ‘ ‘

¢NN(X) = Qo (%) + ¢1Q1(x) + Q5 (x) + - + cyQn (%) (31)
Substitute (31) into (30) to get

Po(x)(coQo(x) +¢10:(x) + 0, (x) + - + CNQN(x)) +
P1(x)(coQ0/(x) + C1Q1/(x) + CzQz/(x) +-+ CNQN/(X)) +
Pz(x)(COQo//(x) + C1Q1//(x) + CzQz//(x) +- CNQN//(x)) +
1 P00 (1) + 610" (1) + 0,0, () + -+ + ey Q" (1) + (32)

Da(coQo(x) +¢1Q1(%) + ¢2Q2(x) + - + CNQN(x)) +
L PP K@, 0) (coQ0(8) + €101 (6) + 205 (6) + -+ + ey Qu(©))dt +
2o [ K, 6)(coQ0() + €101 () + ¢,Q5(8) + -+ cyQu () dt = g(x)

Hence, by collecting the like terms in (32), we have
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Po(x)Q0(x) + PL(x)Qo/ () + P, (x) Q0" (x) + -+ + P, () Q0™ (%) + D*Qp (%)
b(x) b
A f K(x, 0)Qo(6) — A, f K(x, )00 (6)
Po(x) Q1 (%) + Py(x)Qy/ () + Po(x)Qy" (x) + -+ + Py (x)Q, ™ (%) + D¥Q; (x)

b(x) b
A f K(x, 0)0:(8) — 1, f K (x, )01 ()

Co

1

Po(x) Q2 (%) + PL()Q, (1) + P, (x)Q," (x) + -+ + Py () Q. ™ (x) + DTQ, () (33)

b(x) b
A f K(x, 0)05(6) — 4 f K(x, )05(t)

C2

Py(x)Qn (%) + PL(x)Qy/ (x) + P (x)Qy" (x) + - + P, (x)Qn ™ (x) + D*Qy (x)

b(x) b =
A f K (x, 0w (©) — A, j K (x, )0 (0) 909

Thus (33) gives (N+1) unknown constants (c;; i = 0) to be determined. Consider the initial conditions given in equation (27),
we obtain,

dn(ar) =Py = cQolar) + ¢1Q1(ay) + c20Q2(ay) + -+ + cyQn(ar) =g

¢/N(a1) =y = COQ/O(al) + ClQ/l(al) + CzQ/z(a1) +t CNQ/N(al) =Y
¢//N(a1) =9, = CoQ//o(a1) + 6,0, (a)) + ;07 (a)) + -+ cyQ’/  (ar) = ¥, (34)
¢(n_1)N(a1) =YPmn-1) = CoQ(n_l)o(a1) +60M Y (a)) + 6,0V, (ay) + -+ + CNQ(n_l)N(a1) =YPmn-1)

Thus, equation (34) is then collocated at point x = x;, to get,

( Py (i) Qo (xi0) + Py (i) Qo” (x10) + Py (xi) @0’/ (%) + -+ + Py (1) Q0™ () + D= Qy (1)
b(x) b
“ A j K Gt Q0 (6) — A j K Geer )00 (0)
Py (1) Q1 (xie) + Py )@y () + Po(x) Q1 (1) + -+ + By () Q1 ™ (x0) + D¥Q; (3z)
1 b(x) b
‘ A j K Gt 01 (6) — 1, j K Gt 0, (6)
Py () Q2 () + Py () Qo (i) + Py (i) Q5" () + -+ + Pu(x) @™ () + D¥Q5 () (35)
b(x) b
“ A j K Gt D0 (6) — A j K G £)03(6)
Py () Qn (i) + Py () Qn’ () + Py ) Q" () + -+ + Py () Q™ (x30) + D¥Qy ()
b(x) b =
o A f K (i )0 (©) — 2, f K (e £)Qn (©) 904)
Where, x, = a + (I(V”_‘:i’;); k=123 ..,(N—n+1),

An algebraic linear system with equations involving (N+1) unknown constants is thus formed by equation (35) as (N-n+1). We
get a total of (N+1) algebraic equations with (N+1) unknowns by deriving an extra n equation from (34). To find the

approximate answer, these equations are solved to identify the unknown constants, which are then substituted into equation
(29)

4.2 Perturbed collocation method (PCM) for FVFIDEs

Slightly perturbed (30) from the previous sub-section 4.1 and get,
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( Po()pn () + Py’ (x) + =+ + B ()uy™(x) + D%y (x) +

b(x) b n
W K@Oo© 2 [ KOO de = g@) + Y 50y s (0) 0
Substitute (31) into (36) to get =
Po(x)(COQo(x) +¢10:(x) + Q2 (x) + - + CNQN(X)) +
Py () (coQo’ () + €101/ () + €2Q, (%) + -+ + ey Qy/ (1)) +
Pz(x)(coQo//(x) + ClQl//(x) + CzQz//(x) +t CNQN//(x)) +
Pn(x).(coQon(x) + C1Q1n(x) +.C2Q2n(x) +oeet CNQNn(;C)) + (37)

Da(CoQo(x) +¢10:(x) + Q2 (x) + - + CNQN(X)) +
1 PP K G0 (c0Q0(8) + €104 (8) + €205 (6) + -+ + cyQu (©)dt +
23 ) K (1) (coQo() + c1Q1(8) + €205 (1) + -+ + ey Qu () dt = g(x) + Ty T, Qs ; (%)

Hence, collecting like terms in (37), we have
Py ()Qo (%) + P(x) Qo (x) + Po(x) Q0" (x) + -+ + By (x) Qo™ (x) + DQ, (x)
b(x) b
© A f K (x, ©)Qo(6) — 2, f K (x, £)Qo (6)
Py()Q: (%) + PL()Q:/ (%) + P, () Q" (%) + -+ P, ()@, ™ (%) + D*Q; (x)
) b(x) b
A f K(x, )01 (6) — Ay f K (x,0)0:(6)

Py(x)Q2 (%) + PL(x)Qy/ (x) + Po(x)Q," (x) + -+ + By (x)Q,"™ (%) + DQ, (x)

b(x) b
I f K (x, )00 — 2, f K (x, )Q2(6)

(38)

1 €y

Py () Qn () + PL(x)Qn’ (%) + P, () Qy" (x) + - + P,() Q™ (x) + D*Qy (x)
b(x) b
o A f K (x, )0 (©) — 5 f K (x, £)Qn (©)

9O) + D 0y sy ()
=1

Thus (38) gives (N+n+1) unknown constants (c;;i = 0) to be determined. We considered the initial conditions given in

equation (27), and we obtained,
dn(ar) =Py = cQolay) +¢1Q1(ay) + c20Q2(ay) + -+ cyQn(a,) =Py

¢/N(a1) =y = COQ/o(al) + C1Q/1(a1) + CzQ/z(a1) + et CNQ/N(a1) =1,
¢//N(a1) =1, = COQ//O(al) + C1Q//1(a1) + CzQ//z(a1) + et CNQ//N(al) =1, (39)

¢(n_1)N(a1) = w(n—i) = CoQ(n_l)o(‘h) + C1Q(n_1)1(a1) + CzQ(n_l)z(Ch) + et CNQ(n_l)N(a1) =Yn-1)

Thus, equation (38) is then collocated at point x = x;, to get,
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Po(x1)Qo (i) + Py (i) Qo (i) + Po (i) Q" () + -+ + By (i) Qo ™ () + D¥Qo (i)
0 —1 L bmx(xk, Qo) — 4, f bK(xk, Qo ()
Po (1)@ (i) + Py (0)Qy (i) + Py (i) a7 () + +++ + P @™ (i) + DQy (i)
a —A L bmx(xk, 0, (t) — A, fa bK(xk, )0, ()

Py (%) Q2 (x30) + Py(x) Q2 (330 + Py (i) Q2" () + -+ + Py (1) Q™ (%) + D¥Q(x10)

b(x) b
A f K e )05 (8) — 1o f K (Gt )05 (0)

1 C (40)
Py () Qn (i) + Py (1) Qn’ () + P, (1) Qn’ (i) + -+ + By () Q™ () + D“Quy (i)

b(x) b
- f K Gt )0 (8) — 5 f Kt ©)Qn (©)

Cn

gx) + Z TiQn—n+j(Xk)

j=1

((”N‘fz))"; k=123,..,(N+1).

An algebraic linear system with equations involving (N+3) unknown constants is thus formed by equation (40). We get a total
of (N+3) algebraic equations with (N+3) unknowns by deriving an extra n equation from (39). The unknown constants are
found by solving these equations, and the approximate answers are then obtained by substituting them into equation (29).

where x, = a +

4.3 Convergence and Error analysis

This section discusses the convergence and error analysis of the proposed SCM and PCM applied to fractional-order integral-
Volterra-Fredholm differential equations. The analysis highlights their performance and accuracy in solving these complex
equations, evaluating their effectiveness in terms of convergence rates and error bounds.

4.3.1 Consistency: Define the residual Ry (x) as:

n _ b(x)
Ru() = ) RGO +D W + 4 [ KCuop@de +
i=0 a

(41)
b
b [ K@ 080 de - g0
If ¢ (x) is the exact solution, then.
n _ b(x)
RuGO = ) R@I$ 0O + D" G + 41 [ KCu (@) de +
i=0 @ (42)

b
/12[ K(,t)pt)dt—gx) =0

For ¢ (x) to converge to ¢p(x) as N — oo
Ry (x) converge to 0 uniformly on [a, b]: ||Ry(x)|| > 0as N - o

4.3.2 Stability: Stability is determined by the properties of the matrix of the linear system obtained from collocation
Ac=b (43)
Where A is the matrix formed by evaluating the derivatives of basis functions and the fractional derivative term at the
collocation points, c is the vector of coefficients {c, }, and b is the vector of f(x;). Stability is ensured if the condition number
of A remains bounded as N — co.

4.3.3 Uniqueness: The linear system Ac = b has a unique solution if A is invertible. The invertibility of A is guaranteed
if the basis functions Q;(x) and the collocation points x;, are chosen appropriately.
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4.3.4 Error Analysis:
The error Eyn(x) = pp(x) — ¢; (%) i=0

Depends on the smoothness of the exact solution ¢ (x) and the completeness of the basis functions
n

b(x)
Z P ()i (x) + DY (x) + A, f K(x, ) () dt +
IRyl = [[i=0 “

b
% [ K06 de - g

The error is bounded by
lEx GOl < Cmaxyeq plIRy GOl

Where C is a constant dependent on the matrix properties and the problem domain.

5. Computational Application

We present four numerical examples to demonstrate the effectiveness of the proposed techniques as follows:

Example 1. Consider the FVFIDE of the form [6]

( x% x2 xzex X 1
a — - X 2
D*p(x) = ras) 2 3 ¢ (x) +f0 e*tp(t) dt+f0 x*¢(t) dt,
initial condition: ¢(0)=0
The exact solution of equations (47)and (48) is ¢p(x) = x
fora = 0.5

Example 2. Consider the FVFIDE of the form [23]

X 1
DUGu) + () =g =2 [ -vde+ [ (- 0p© e,
0 0
boundary conditions: ¢(0) =0, ¢(1)=0
A N ) = 1 6_|_181x2_|_43 x5+6
Where gl = =35 ""*T720 ¥ T107 16

The exact solution of equations (49) and (50) is ¢(x) = x3(x — 1)
fora = 1.0

Example 3. Consider the FVFIDE of the form [24]
1 ¢@) 1t
D%p(x) = g(x) + 3 —dt+ §f (x —t)p(t) dt
0 (x—1t)2 0
initial condition: ¢(0) =0
7
r(3)x7%  r(4)x27° \/EF(3)x% valr(4)xz 7x 3

where 90 = o785+ TR75) or (%) 2[‘(9) 36720

2
The exact solution of equations (52) and (53) is ¢ (x) = x? + x3
for a = 0.25

Example 4. Consider the FVFIDE of the form [24]

Dad)(x) = g(x) _|_1 x ¢(t) 1dt+;J— ex+t¢(t) dt
0

o x-n2
initial condition: ¢(0) =0

5 3
r(3)x'8 Tr(2)x%8 arR)xz rl(2Qxz e**!t —3e*
r(2.85) TI(1.85) 7 5\ 7
ar(z) 4 (y)
The exact solution of equations (55) and (56) is ¢(x) = x(x — 1)
fora = 0.15

where g(x) =

54

(47)

(48)
(49)

(49)
(50)

(51D

(52)

(53)

(54)

(55)

(56)

(57)

(44)

(45)

(46)
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5.1 Numerical results and graphs representation

We applied the proposed methods (SCM and PCM) for the different computational lengths and the approximate results from
the SCM and PCM are compared with the method available in the literature and presented as follow:

Example 1.

{ O (Xgeo5)sem = 0.9999999x — 2.6395136x%e — 9 + 5.3492991x3e — 9 — 2.5222864x%e — 9 58)
(Xa=05)pcu = 1.00000002x — 9.65002896x%e — 9 + 1.486998x%¢ — 8 — 6.9573838x*e — 9
Table 1. Numerical solutions for Example 1latthe «a = 0.5and N = 4
x Exact solution SCM PCM [6]
0.0 0.000000000000 0.000000000000 0.000000000000 0.000000000000
0.1 0.100000000000 0.100000000000 0.100000000000 0.100000000000
0.2 0.200000000000 0.200000000000 0.200000000000 0.200000000000
0.3 0.300000000000 0.300000000000 0.300000000000 0.300000000000
0.4 0.400000000000 0.400000000000 0.400000000000 0.400000000000
0.5 0.500000000000 0.500000000000 0.500000000000 0.500000000000
0.6 0.600000000000 0.600000000000 0.600000000000 0.600000000000
0.7 0.700000000000 0.700000000000 0.700000000000 0.700000000000
0.8 0.800000000000 0.800000000000 0.800000000000 0.800000000000
0.9 0.900000000000 0.900000000000 0.900000000000 0.900000000000
1.0 1.000000000000 1.000000000000 1.000000000000 1.000000000000
Example 2.
{¢(xa=1,o)sm = 1.000e — 11 — 3.8xe — 10 — 3.00x%e — 10 — 0.999001x3 + 0.99999x* 59
¢ (xg=10)pcu = —1.38xe — 9 + 7.000x%e — 9 — 1.0000x> + 1.000000004x* (59)
Table 2. Absolute errors for Example 2 atthe ¢ = 1.0and N = 4
X SCM PCM [23]
0.1 3.02E-11 3.02E-11 3.395E-3
0.2 7.30E-11 7.30E-11 6.465E-3
0.3 1.00E-10 1.00E-10 8.649E-3
0.4 1.50E-10 1.50E-10 9.362E-3
0.5 1.80E-10 1.80E-10 8.227E-3
0.6 2.30E-10 2.30E-10 5.285E-3
0.7 2.10E-10 2.10E-10 1.175E-3
0.8 3.10E-10 3.10E-10 2.719E-3
0.9 2.70E-10 2.70E-10 4.167E-3
Example 3.
{¢(x“=0_25)5m =~ —5.00xe — 9 + 1.0000000x2 + 0.999999999x3 + 4.694697x*e — 8 60)
¢ (Xge025)pcm = 1.000000xe — 9 + 1.000000x? + 0.9999999x> + 1.649235x*e — 8

Table 3. Numerical solutions for Example 3 atthe « = 0.25and N = 4

X Exact solution SCM PCM
0.0 | 0.000000000000 | 0.00000000000 0.00000000000
0.1 | 0.011000000000 | 0.01099999975 0.01099999975
0.2 | 0.048000000000 | 0.04799999977 0.04799999977
0.3 | 0.117000000000 | 0.11699999980 0.11699999980
0.4 | 0.224000000000 | 0.22399999980 0.22399999980
0.5 | 0.375000000000 | 0.37499999970 0.37499999970
0.6 | 0.57600000000 0.5759999996 0.5759999996
0.7 | 0.83300000000 0.8329999997 0.8329999997
0.8 | 1.15200000000 1.1520000000 1.1520000000
0.9 | 1.53900000000 1.5390000020 1.5390000020
1.0 | 2.000000000 2.0000000050 2.0000000050
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= 1.0000e — 10 — 1.0000x + 0.999999x?% + 1.442766x3%¢ — 9 — 6.1588616x*e — 8

O (Xge015)pem = —1.000e — 10 — 1.0000022x + 1.00000x2 — 1.558914x3e — 7 + 6.96522x*e — 8
Table 4. Numerical solutions for Example 4 at the @« = 0.15and N = 4

x Exact solution SCM PCM [24]
0.0 | 0.00000000000 0.00000000000 0.00000000000 0.00000000000
1/8 | -0.1093750000 -0.1093749999 -0.1093750015 -0.1088000000
2/8 | -0.1875000000 -0.1874999999 -0.1875000011 -0.1861000000
3/8 | -0.2343750000 -0.2343750000 -0.2343750002 -0.2320000000
4/8 | -0.2500000000 -0.2500000001 -0.2499999997 -0.2497000000
5/8 | -0.2343750000 -0.2343750000 -0.2343749999 -0.2332000000
6/8 | -0.1875000000 -0.1875000001 -0.1875000007 -0.1862000000
7/8 | -0.1093750000 -0.1093750000 -0.1093750017 -0.1081000000

Figwe 1. FYFIODE 4(x) a=0.5

100

50 4

-100

Figwe 2. FVFIODE ¢fx) w=10

T
-30

=504

-100 4

(x)

Exact

O
SCMy =05

— Cpcay .
oa=u.

Figure. 1. Depict numerical solutions for example 1

0

-0.024

-0.04

-0.06

-0.08

-0.10

Exact

Csear

1.0

Ppeas _
x=1

Figure. 2. Depict numerical solutions for example 2
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Figure 3. Depict numerical solutions for example 3
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Figure 4. Depict numerical solutions for example 4

5.2 Discussion

FVFIDEs have numerous applications in disciplines including physics, engineering, and biology. The significance of FVFIDEs
is an important subject of study and their fractional derivatives and integrals, which stand for non-local interactions and memory
effects, these equations combine aspects of the Volterra and Fredholm equations which poses challenges of obtaining the
analytical solutions or unattainable in most situations. Therefore, we considered four examples from the available literature and
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the results demonstrated a good agreement with the exact solutions and the existing methods in which the results are presented
in Tables 1,2,3, and 4 and Figures1,2,3 and 4.

6.0 Conclusion

Solving FVFIDEs is a complex yet essential task due to their extensive applications in modelling systems with memory,
nonlocal interactions, and hereditary properties. The two proposed techniques (SCM and PCM) have proven effective for
FVFIDEs considered in this paper. The results presented in the tables and graphs demonstrate the efficacy of these methods in
solving FVFIDEs, yielding solutions with remarkable accuracy. The comparison with existing methods available in the
literature, the SCM and PCM tend to be less computational steps length N for high accuracy and convergence (see Tables 1, 2,
3, and 4). However, PCM’s reduction in the number of collocation points can make it more efficient than SCM and other
traditional methods, especially for problems where high accuracy with fewer points is desired. Although both methods exhibit
comparable accuracy, making it challenging to identify a single superior approach, we conclude that both techniques are
effective and viable options for solving similar problems in applied sciences and computational engineering. All simplifications,
computations, and plots were performed using the Maple 18 software package (see appendix).

Acknowledgement
The authors are grateful to the management of Aliko Dangote University of Science and Technology for sponsoring this work
through the 2024 IBR TETFund Grant.

References
[1] R. Parisa, O. Yadollah, B. Esmail ‘“Fractional-order Bernoulli functions and their applications in solving fractional
Fredholm-Volterra integro-differential equations”, Applied Numerical Mathematics,; 122, pp66-81. 2017.
[2] K.S Nisar, K. Logeswari, V. Vijayaraj, H. M Baskonus, C. Ravichandran “Fractional order modeling the Gemini
virus in capsicum annuum with optimal control,” Fractal Frac.; 6 (2), pp1-13, 2022.
[3] B. Ghanbari “On approximate solutions for a fractional prey—predator model involving the Atangana-Baleanu
derivative,” Advanced Differential Equation; pp654-679, 2020.

[4] B Ghanbari “A fractional system of delay differential equation with non-singular Kernels in modeling hand-foot-
mouth disease,” Advanced Differential Equation, pp524-536, 2020.

[5] T. Antonela, P.A Octavian “Numerical method to solve fractional Fredholm-Volterra integro-differential equations,”
Alexandria Engineering Journal, (68), pp469-478, 2023.

[6] A. Ahmed, Hamoud, Kirtiwant, P. Ghadle, M.A Shakir “The approximate solutions of fractional integro-differential
equations by using modified Adomian decomposition method,” Khayyam J. Math.; (5), pp21-39, 2019.

[7]1 X Ma, C. Huang ‘“Numerical solution of fractional integro-differential equations by a hybrid collocation method,”
Appl. Math. Comput.; 219, pp675-687, 2013.

[8] Y. Yang, Y. Chen, Y. Huang “Spectral-collocation method for fractional Fredholm integro-differential equations,”
Journal of the Korean Mathematical Society, vol.51, pp203-224, 2014.

[9] X Zhang, B. Tang, Y. He “Homotopy analysis method for higher-order fractional integrodifferential equations,”
Comput. Math. Appl,; 62(8), pp3194-3203, 2011.

[10] A. A Hamoud, A.A Ghadle “The approximate solutions of fractional Volterra—Fredholm integro-differential equations
by using analytical techniques”, Probl. Anal. Issues Anal, 7(25), pp41-58, 2018.

[11] D.S Mohammed “Numerical solution of fractional integro-differential equations by least squares method and shifted
Chebyshev polynomial,” Mathematical Problems in Engineering, pp1-5, 2014.

[12]E. H Doha, A. H Bhrawy, S. S. Ezz-Eldien “Efficient Chebyshev spectral methods for  solving multi-term fractional
orders differential equations,” Applied Mathematical Modelling; vol.35, pp5662-5672, 2014.

[13]Y. Yang, Y. Chen, Y. Huang “Spectral-collocation method for fractional Fredholm integro-differential equations,”
Journal of the Korean Mathematical Society, vol.51, pp203-224, 2014.

[14] S. Irandoust-pakchin, H. Kheiri, S. Abdi-mazraeh “Chebyshev cardinal functions: an effective tool for solving
nonlinear Volterra and Fredholm integro-differential equations of fractional order,” Iranian Journal of Science and
Technology Transaction A: Science, 37(1), pp53-62, 2013.

[15]0.A Taiwo, Fesojaye, M. Olalekan ‘“Perturbation Least-Squares Chebyshev method for solving fractional order
integro-differential equations,” Theoretical Mathematics & Applications, vol.5, no.4, pp37-47, 2015.

[16] A. Kashuri, A. Fundo, R. Liko “New Integral transform for solving some fractional differential equations,” Int. J.
Pure Appl. Math., 2015; 103, pp675-682, 2013.

[17]R. Prabakaran, G. Tharmalingam, B. Hemalatha, S. Shyam, M. Debasish, B. Dumitru “Solving fractional integro-
differential equations by Aboodh transform,” J. Math. Computer Sci.;32, pp229-240, 2023.

[18] R. Parisa, O. Yadollah, B. Esmail “A numerical scheme for solving nonlinear fractional Volterra integro-differential
equations,” Iranian Journal of Mathematical Sciences and Informatics,2018; Vol. 13, No. 2, pp111-132, 2018.

[19] Podlubny “Fractional Differential Equations,” Academic, Press, San Diego, CA, USA, 1999.

58


https://www.sciencedirect.com/author/6603624618/esmaeil-babolian
https://www.sciencedirect.com/journal/applied-numerical-mathematics
https://www.sciencedirect.com/journal/applied-numerical-mathematics/vol/122/suppl/C

Falade Kazeem lyanda et al. / NIPES Journal of Science and Technology Research
7(1) 2025 pp. 46-63

[20] V.K Srivastava, M.K Awasthi, S. Kumar “Analytical approximations of two- and three-dimensional time-fractional
telegraphic equation by reduced differential transform method,” Egyptian Journal of Basic and Applied Sciences, vol.
1, pp60-66, 2014.

[21]1.1 Hashim, M.R Al-Mamun, A.M Mohamed “Applications of fractional differential equations,” Journal of Applied
Mathematics and Computation, 215 (1), pp354-363, 2019.

[22]M.S Abdulaziz, S. Dey, J. Ghaboussi “Numerical methods for fractional differential equations: A review.” Applied
Mathematics and Computation, 204 (2), pp489-507, 2008.

[23] A. Sertan, F. H Veysel “Approximate solutions of Volterra-Fredholm integro-differential equations of fractional
order,” Thilisi Mathematical Journal, 10(2), pp1-13, 2017.

[24] Mingxu Yi, W. Lifeng, Jun Huang “Legendre wavelets method for the numerical solution of fractional integro-
differential equations with weakly singular kernel,” Applied Mathematical Modelling 40, pp3422-3437, 2016.

Appendix

Step1 Example 3

restart : with(plots); Digits = 15 : SCM :

[ animate, animate3d, animatecurve, arrow, changecoords, complexplot, complexplot3d,
conformal, conformal3d, contourplot, contourplot3d, coordplot, coordplot3d, densityplot,
display, dualaxisplot, fieldplot, fieldplot3d, gradplot, gradplot3d, implicitplot,
implicitplot3d, inequal, interactive, interactiveparams, intersectplot, listcontplot,
listcontplot3d, listdensityplot, listplot, listplot3d, loglogplot, logplot, matrixplot, multiple,
odeplot, pareto, plotcompare, pointplot, pointplot3d, polarplot, polygonplot, polygonplot3d,
polyhedra_supported, polyhedraplot, rootlocus, semilogplot, setcolors, setoptions,

setoptions3d, spacecurve, sparsematrixplot, surfdata, textplot, textplot3d, tubeplot]
gy = 1:
g, =2x—1:
q, = 6x* —6x+1:
g; =20x" —30x" + 12x — 1:
g, = 70x" = 140x° + 902 —20x + 1 :
g5 = 252" — 630x" +560x° —210x° +30x — 1 :
g, = 924 2" = 2772 X + 3150 -x* — 1680 X’ + 420 2% —42-x — 1:

o, = expand(co‘qo +te;rq; teyqy teyg;tepqtesgst 66-q6) :
0,:=924c,x° +252¢5 — 277252 +70¢,x* — 630 c;x* + 3150 c,x* +20 527
—140¢,x° +560¢;x° — 1680 c,x” + 6¢,x° —30¢,x° + 90 ¢, o7 —210¢5x°

—I—420c6x2 +201x—662x+ 1203x—2004x+3005x—42c6x+co —q ~|—02 — G

+c4—(:5—c6

Step 2

GAMMA(n + 1) Lk
GAMMA (n-k+1)
= evalf(subs({n=0,k=0.25}, 0
= evalf(subs({n=1,k=0.25},0

: ))
; ( ) :
i= evalf (subs({n=2,k=025},¢)) :
: ( )
: ( ))

= evalf(subs({n=3,k=025},0

q) :
D()
D]
DZ
D, (

D, = evalf (subs({n=4,k=025},¢
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D = evalf(subs({n=5,k=0.25},0)) : D, == evalf(subs({n=6,k=0.25},0)) :
o, = subs(x =t, 4)4) :

0, = expand(924c6 Dy + (252 cs — 2772 06) ‘Ds + (70 ¢, —630c¢s +3150 06) ‘D,
+ (2003 — 140c4 + 56005 — 1680c6) ‘D, + (602 — 3003 + 90(:4 — 21005 +420c6)
'D2+(201—6CZ+1203—2OC4+3OC5—4206) ‘D, +(00—cl+02—03+c4—05
_06).])0);

1468.574369¢,x™ "> + 383.8319375x 7 ¢, — 4222.151312x" 7 ¢, + 101.2889835x° " ¢,

— 911.6008511x"7 ¢ + 4558.004256x" 7 ¢, + 27.13097772:7 7 ¢,

— 189.9168440x> 7 ¢, + 759.6673762x> 7 ¢ — 2279.002128x> 7 ¢,

+7.461018870x" 7 ¢, — 37.30509435x" 7 ¢ + 111.9152830x' 7 ¢,

— 261.1356604x" 7 ¢ + 522.2713209x" 7 ¢ + 2.176130504x" ¢,

— 6528391512277 ¢, + 13.05678302x"7 ¢, — 21.76130504x" ¢,

0.75 0.75 0.816048939%4 ¢, 0.8160489394 ¢,
+32.64195756x "~ c. — 45.69874058x "~ ¢, +

5 6 025 - 025
0.8160489394 ¢y 0.8160489394 e 0.8160489394 ¢y 0.8160489394 cs
+ 025 - 025 + 025 - 025

0.8160489394 ¢,

x0.25
Step 3
H
o, = evalf| o —-GAMMAG)- ('™ | GAMMAW)- (0> Jm x T(3)
7 6 _
CANMALT GAMMAGTS) GAMMA(%)
7 X 1
7
x2 T4 .
RS S0 CO R P SO | SV ) (PR P
9 36 20 2 1% 3 s
2- GAMMA| — :
2 (x-1)
0 0
>
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0, = 1468.574369 c,x* "> + 383.8319375x*7 ¢, — 4222151312 ¢

+101.2889835x" 7 ¢, — 911.6008511x" 7 ¢ + 4558.004256x 7 ¢,

+27.13097772:77 ¢, — 189.9168440x7 7 ¢, + 759.6673762x7 7

— 2279.002128x>7 ¢, + 7.461018870x" 7 ¢, — 37.30509435x" 7 ¢,

+111.9152830x"7 ¢, — 261.1356604x" 7 ¢ + 522.2713209x" 7 ¢,
+2.176130504x" 7 ¢, — 6.528391512x" 7 ¢, + 13.05678302:" 7 ¢,

— 21.76130504x"7 ¢, + 32.64195756x"7 ¢ — 45.69874058x" 7 ¢,

0.816048939%4 ¢, 0.816048939%4 ¢, 0.81604893%4 ¢, 0.816048939%4 ¢,

+ 0.25 o 0.25 + 0.25 o 0.25
X X X X

0.816048939%4 ¢, 0.8160489394 ¢, 0.8160489394 ¢,

+ s — s — s = -0.1944444444
X X X

+0.1500000000 + 0.3333333333x (¢, — L.¢; + ¢, — Ley +¢, — Leg — 1.¢)

4+ 0.1666666667 x (2. ¢; —6.c,+12.¢; —20.c, 4+ 30.c5 — 42.c6)
+O.1111111111x(6.02 —30.¢; +90.¢, — 210. ¢ +420.cé)

+ 0.08333333333x (20.03 — 140. ¢y + 560. ¢ — 1680.06) + 0.06666666667 x (70.(:4

—630.c5 + 3150.¢,) + 0.05555555556.x (252.¢5 — 2772.¢) + 315.0769231x" % ¢

+93.09090909x" /2 ¢ — 1024.x' % ¢, +28.44444444x° % ¢, — 256,57 % ¢,

+9.142857143x % ¢, — 64.27 2 ¢, + 3.200000000x° 2 ¢, — 16.x°'* ¢, + 224.5° 2 ¢,

+1280.27 2 ¢, + 256,27 ¢, — 768.x7/2c +48.0% ¢, —112.0°" % ¢, — 4.0 2,

+8.0° % ¢, — 1333333333x P ¢, +20.0° P e; — 28.x° P ¢, + 1.333333333x° ¢,

+‘/?Cz — l.ﬁcj +\/;c4 — 1.\/?05 — 1.\/;064-\/;00— 1.\/?01 +44.c,x
—0.4571428571x /2 — 0.5333333333x° /2 + 1.356548886x> 7 + 1.243503145x" 7
+0.3333333333 ¢, — 01666666667 ¢, — 0.05555555556 ¢,

O = evalf(subs( {x=0}, (1)4) 0) :

09 = e"alf[subs[x= =0,

(j)” = evalf

I
Q
<
g
=

v
<
S
>4
=
I

U

=
~

(-3
7
(1)12 = evalf[subs[x: %,¢7
(-3

_6

(s~ £.5.)):

SOlVe( {¢8’ ¢99 q)]()a q)]]’ ¢]27 ¢13= ¢14} [609 C], CZ; 037 C47 059 06])

=
Il

Oy
;¢
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o,,= [ [C() =0.5833333366, ¢, = 0.9500000020, ¢, = 0.4166666694, c, = 0.05000000342, c,

=3.281198427 10", ¢; = 2.270966903 10, ¢, = 1.658614811 107

0,5 = evalf(subs( {c, = 0.5833333366, ¢, = 0.9500000020, ¢, = 0.4166666694, 5
=0.05000000342, ¢, =3.28119842710”, ¢, = 2270966903 10, ¢ = 1658614811 10"},

°))

0= 0.000001532560085x° — 0.000004025396596x° + 0.000004023611396x"

+0.9999980939 x° + 1.000000428x* —3.810%x —1.1071°

SCM = evalf(subs( {co ~0.5833333366, ¢, = 09500000020, ¢, = 04166666694, c,
= 005000000342, ¢, = 3.281198427 10”7, ¢, = 2.270966903 107, ¢, = 1.658614811 10‘9},

%))

SCM :=0.000001532560085x° — 0.000004025396596x° + 0.000004023611396x*
+ 0.9999980939 x° + 1.000000428 > —3.810%x — 1. 10710

Exact = x3 + x2

Step 4
(0] = ¥ +x

exact
x + x

Oy, [0-25] == 4.694697111 10 x* + 0.9999999321 x* + 1.000000031 " — 5. 107 x;

4.694697111 1078 x* 4+ 0.9999999321 x* + 1.000000031x> — 5.000000000 10~ x

Opeyy[025] = 164923508510 x" +0.9999999830." + 1.000000002x + 1.10”x;

1.649235085 1078 x* + 0.9999999830 x> + 1.000000002x* + 1.000000000 10™ x

plot( [q)emcl, Doy 10251, ¢PCM[0.25]], x=0..100, legend = [Exact, q)SCM[oc =0.25], ¢PCM[a
= 0.25]], color = [red, blue, black], labels = [ "(x)"," Figure 3. FVFIODE ¢(x) o.= 0.25"],
labeldirections= | HORIZONTAL,

VERTICAL])

restart : with(plots) : Digits = 5: oo :== 0.25:
(0] =45

exact

0, [025] == 4.69469711110™x" 4 0.9999999321  + 1.000000031x* — 5.107x:

scm

0, 0:25] = 1649235085 108 + 0.9999999830 % + 1.000000002x% + 1. 107 x :

for nfromO0byO0.1to 1do

E[n] == evalf(eval(¢emct,x=n>) :
o[n] = evalf(eval(q) [0.25], x=n)) :
o[n] = evalf(eval( [0 25],x )),

Error[n] := abs(E[ n]) :
Error[n] := abs(E[ n]) :
end do;
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e

0.

0.011
0.011000
0.011000
0.

0.

0.048
0.048000
0.048000
0.

0.

0.117
0.11700
0.11700
0.

0.

0.224
0.22400
0.22400
0.

0.

0.375
0.37500
0.37500
0.

0.

0.576
0.57600
0.57600
0.

0.

0.833
0.83300
0.83300
0.

0.

1.152
1.1520
1.1520
0.

0.

1.539
1.5390
1.5390
0.

0.

2.000
2.0000
2.0000
0.
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